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Abstract. In this paper we develop the theory of topological radicals of Ba- 
nach Lie algebras and apply it to the study of the structure of Banach Lie 
algebras with sufficiently many closed Lie subalgebras of finite codimensions, 
that is, the intersection of all these subalgebras is zero. The first part is devoted 
to the radical theory of Banach Lie algebras; the second develops some tech- 
^jj^ nique of construction of preradicals via subspace-multifunctions and analyses 

r-t , the corresponding radicals, and the third part contains the Frattini theory of 

infinite-dimensional Banach Lie algebras. It is shown that the multifunctions 
of closed Lie subalgebras of finite codimension (closed Lie ideals of finite codi- 
mension, closed maximal Lie subalgebras of finite codimension, closed maximal 
Lie ideals of finite codimension) produce different preradicals, and that these 
preradicals generate the same radical, the Frattini radical. The main attention 
is given to structural properties of Frattini-semisimple Banach Lie algebras 
and, in particular, to a novel infinite-dimensional phenomenon associated with 
the strong Frattini preradical introduced in this paper. A new constructive 
description of Frattini-free Banach Lie algebras is obtained. 



1. Introduction 

A finite-dimensional Lie algebra is called Frattini-free (respectively, Jacobson- 
free) if the set of all its maximal Lie subalgebras (respectively, ideals) has zero 
intersection. These conditions are very significant. Note that the similar condi- 
tion for all left (right) maximal ideals of a unital associative algebra means its 
semisimplicity — a notion of crucial importance in the structure theory of alge- 
bras. Finite-dimensional Frattini-free and Jacobson-free Lie algebras were studied 
in |Ba[ [Scl [Ml IS1[ IS21 [T] and their theory forms an important basic part of the 
theory of identical relations of Lie algebras (see [B] ) . 

One of the main obstacles in transferring this theory to infinite-dimensional Lie 
algebras is the fact that, in the contrast to associative algebras (see [L]), an infinite- 
dimensional Lie algebra with a maximal Lie subalgebra of finite codimension may 
have no Lie ideals of finite codimension [AH IA2| . Recently the authors proved in 
[KST11 IKST2j that a Banach Lie algebra with a maximal Lie subalgebra of finite 
codimension always has a Lie ideal of finite codimension (for Banach Lie algebras 
with Lie subalgebras of codimension 1 this was proved in [K]). This result provides 
a powerful tool for the study of infinite-dimensional Frattini-free and Jacobson-free 
Banach Lie algebras. 

The appropriate framework for this study is the theory of ideal maps on the 
class of Banach Lie algebras — the theory of radicals. The radical theory approach 
to the Frattini theory is new, as it is new to the theory of Banach Lie algebras 
in general. It opens novel and interesting perspectives for further investigation of 
Banach Lie algebras and is a rich source of intriguing and stimulating problems. 
Thus in the present paper we pursue two interconnected aims: to develop the theory 
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of topological radicals of Banach Lie algebras and to apply this theory for the study 
of the structure of Banach Lie algebras that have rich families of closed subalgebras 
of finite codimension. 

The notion of the solvable radical — the map that associates each Lie algebra 
C with its maximal solvable Lie ideal rad (£) — lies at the core of the classical 
theory of finite-dimensional Lie algebras. Another important map of this kind 
is the "nil radical" which maps a Lie algebra into its largest nilpotent ideal. In 
numerous other situations it is often useful and enlightening to construct specific 
"radical-like" maps that send Lie algebras into their Lie ideals and have some special 
structure properties. 

The intensive study of such maps for associative algebras was extremely fruit- 
ful and produced an important branch of modern algebra — the general theory of 
radicals (see |Dil [Sz]h A topological counterpart of this theory — the theory of 
topological radicals of associative normed algebras — was initiated by Dixon in [D] . 
He proposed a radical theory approach to the study of the existence of topologically 
irreducible representations of Banach algebras. Stimulated by Dixon's work, Read 
constructed in [R2 his famous example of a quasinilpotent operator on a Banach 
space that has no non-trivial closed invariant subspaces. In |STp[ |STi[ |ST2[ IST3I 
the second and third authors further developed the theory of topological radicals of 
associative normed algebras and related this theory to many important problems 
in Banach algebra theory and operator theory, such as the existence of non-trivial 
ideals, radicality of tensor products, joint spectral radius, invariant subspaces, spec- 
tral theory of multiplication operators etc. 

The paper is divided into three parts. The first part - Sections 2-5 - is devoted 
to the radical theory of Banach Lie algebras. Various new examples of radicals 
and more general ideal maps for Banach Lie algebras are presented in the second 
part - Section 6. The third part - Sections 7-9 - contains the Frattini theory of 
infinite-dimensional Banach Lie algebras. 

A complex Lie algebra C with Lie bracket [•, •] is a Banach Lie algebra, if it is a 
Banach space in some norm ||-|| and there is a multiplication constant t/r > such 
that 

II [0,6] || < t c \\a\\ \\b\\ for all a, b e C. 

For example, all Banach algebras are Banach Lie algebras with respect to the Lie 
bracket [a,b] = ab — ba. In particular, all closed Lie subalgebras of the algebra 
B{X) of all bounded operators on a Banach space X are Banach Lie algebras. 
Since bilinear maps on finite-dimensional spaces are continuous, all complex finite- 
dimensional Lie algebras (with arbitrary norms) can be considered as Banach Lie 
algebras. 

Denote by £ the class of all Banach Lie algebras. We consider the category 
L of Banach Lie algebras with Ob (L) = £, assuming that morphisms of L are 
bounded homomorphisms with dense image, and the subcategory L f of L with 
Ob (L f ) = £ f — the set of all finite-dimensional Lie algebras. It is sometimes 
reasonable to consider the subcategory L of L with Ob (L) = Ob (Lj = £ and 
bounded epimorphisms as morphisms, but in this paper we will be mainly working 
in the category L. 

A map R: £ — > £ is a preradical in L (in L) if R{C) is a closed Lie ideal of C, 
for each C € £, and 

f(R{£)) C R(M) for each morphism /: C — > M in L (in L). 

The study of any preradical R leads naturally to the singling out two subclasses 
of £: the class Sem (R) of i?-semisimple Lie algebras and the class Rad (R) of 
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i?-radical Lie algebras: 

Sem(i?) = {£ G £: R (£) = {0}} and 

Rad(i?) = {£ G £: R(C) = £}. 

A preradical i? is a radical if it behaves well on ideals and quotients. In particular, 
R{jC) G Rad(i?) and C/R{C) G Sem(i?). Thus the radical theory approach reduces 
various problems concerning Lie algebras to the corresponding problems concerning 
separately semisimple and radical algebras. For many radicals constructed in this 
paper, the structure of Lie algebras in these classes is far from trivial and the study 
of their structure is interesting and important in many respects. 

Section [5] contains some basic definitions and preliminary results of the theory 
of Banach Lie algebras. In particular, a considerable attention is devoted to the 
notion of a Lie subideal that plays an important role throughout the paper. In 
Section [3] we introduce main notions of the radical theory, consider special classes 
of preradicals and establish some of their properties important for what follows. 

Many naturally arising and important preradicals (for example, the classical nil- 
radical) are not radicals. It is often helpful, using some "improvement" procedures, 
to construct from them other preradicals with certain additional properties and, in 
particular, radicals associated with the initial preradicals. In Section [4] we examine 
these procedures. They are the Banach Lie algebraic versions of the procedures 
employed by Dixon for Banach associative algebras which, in turn, are counterparts 
of the Baer procedures for radicals of rings. They produce radicals that are either 
the largest out of all radicals smaller than the original preradicals, or the smallest 
out of all radicals larger than the original ones. We extensively use the results and 
constructions of this section in the further sections. 

A collection F = {Tc}ce£ of families Tc of closed subspaces of Lie algebras 
C G £ is called a subspace-multifunction. The use of subspace-multifunctions is 
new in the radical theory and gives rise to many important preradicals on L. In 
Section [5] we study the link between subspace-multifunctions and the preradicals 
they generate. 

In Section 6 we consider various subspace-multifunctions L = {F£}£ S £ that 
consist of finite-dimensional Lie subalgebras and of commutative Lie ideals of C. 
We study the preradicals they generate and the corresponding radicals obtained 
via the methods discussed in Section [4] We show that although the preradicals 
generated by these subspace-multifunctions are different, the corresponding radicals 
often coincide and their restrictions to L f coincide with the classical radical " rad" . 
Using and improving the ideas of Vasilescu (see jV]); we introduce a new radical 
that extends "rad" to infinite-dimensional Lie algebras. 

Aiming to investigate in Section 8 chains of Lie subalgebras and ideals of Banach 
Lie algebras, we introduce and study in Section 6 a purely geometric notion of a 
lower finite- gap chain C of closed subspaces of a Banach space X. This means 
that each subspace Y in C contains another subspace Z from C such that Y/Z is 
finite-dimensional. In our paper such chains appear as chains of Lie ideals, that is, 
the chains of subspaces invariant for a family of operators. Note that the concept 
of lower finite-gap chains of subspaces invariant for families of operators is novel 
and interesting in itself. 

In Section [7] we consider our main subject: the subspace-multifunctions 

© = {©£}£££ and 6 max = {©r X ke£, 

where families &c and 6™ ax consist, respectively, of all closed proper and closed 
maximal proper Lie subalgebras of finite codimension in C\ and the subspace- 
multifunctions 

5 = {Zc)cez and 3 max = {ZT^)c^ 
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where families Zc and 3£ ax consist, respectively, of all closed proper and closed 
maximal proper Lie ideals of finite codimension in C. The corresponding preradicals 
P 6 , Pgmax, P 3 and Pjmax are defined by 

Pe{C) = n Le6£ L, p e -«(£) - n i66S ~£, 

P 3 (£) = n Le ^L and P 3 ^(£) = n ie3 g**Z. 

The study of the above preradicals is based on the main result of |KST2j which 
states that if Cq is a maximal closed Lie subalgebra of finite codimension in a Banach 
Lie algebra C, then Co contains a closed Lie ideal of finite codimension. Using it, 
we prove that the radicals generated by the preradicals Pe, Pe-"**, Pj and Pjma* 
coincide. The obtained radical is denoted by T and we call it the Frattini radical. 
It plays a central role in the radical theory developed in this paper. We establish 
that the classes of the radical Lie algebras corresponding to the above preradicals 
and to the Frattini radical T coincide, while the classes of their semisimple Lie 
algebras satisfy the inclusions 

Sem(P 5 ma,) c Sem(P 6 ~x) c Sem(P,) C Sem(P 6 ) C Sem(J") 

and all these inclusions are proper. 

We prove that the Frattini radical is not hereditary and calculate it for certain 
Banach Lie algebras. For instance, it is shown that the compact operators in 
the continuous nest algebra form an P-radical Banach Lie algebra (Example 17. 15p 
and that the commutator ideal of a simple infinite-dimensional associative Banach 
algebra with zero center is an P-radical Banach Lie algebra (Proposition 17. 17l) . 

In Section[5]we establish that each Banach Lie algebra £ £ Sem(Pj) has a max- 
imal lower finite-gap chain of closed Lie ideals between {0} and C. We characterize 
P-semisimple Lie algebras in terms of lower finite-gap chains of Lie subalgebras: a 
Banach Lie algebra C is P-semisimple if and only if it has a lower finite-gap chain 
of closed Lie subalgebras between {0} and C. 

Making use of lower finite-gap chains of Lie ideals in Banach Lie algebras, we 
introduce another important preradical on L — the strong Frattini preradical J- s . It 
should be noted that this preradical only appears as a phenomenon in the infinite- 
dimensional Banach Lie algebras. We show that T S (F S (£)) = F(C) and that 
F S (C) / J-(C) is commutative for each Banach Lie algebra L. A Banach Lie algebra 
C is Pj-semisimple if and only if it has a lower finite-gap chain of closed Lie ideals 
between {0} and C. Moreover, each closed Lie subalgebra of a P s -semisimple Lie 
algebra is also P s -semisimple. 

Section 9 is devoted to the study of Frattini-free Banach Lie algebras — the Lie 
algebras satisfying the condition 

P 6 .-x(£) = n Le6 ^L = {0}, that is, £ e Sem(P 6 ».x). 

In [K] the first author considered Frattini-free Banach Lie algebras all of whose 
maximal Lie subalgebras have codimension 1. In this paper we consider the general 
case and prove that each Frattini-free Banach Lie algebra has the largest closed 
solvable Lie ideal S and that this ideal has solvability index 2, that is, [S, S) is 
commutative. Introducing an important notion of a finite-dimensional subsimple 
Lie algebra (Definition 19. we obtain a new structural description of Frattini-free 
Lie algebras as subdirect products of families of finite-dimensional subsimple Lie 
algebras. 

This structural description is very useful even for finite-dimensional Lie algebras. 
It enables us to obtain a new transparent description of each finite-dimensional 
Frattini-free Lie algebra C as the direct sum of at most three summands — a 
semisimple Lie algebra, a commutative algebra and a semidirect product L © ld X, 
where L is a decomposable Lie algebra of operators on a finite-dimensional linear 
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space X (in Jacobson-free Lie algebras the third summand is absent). This, in turn, 
gives us the description of finite-dimensional Frattini-free Lie algebras obtained by 
Stitzinger [ST] and Towers [T]. Using Marshall's results (see |M]) about the Frattini 
and Jacobson ideals of Lie algebras, we obtain an inequality that relates the Frattini 
and Jacobson indices r Pemax (£) and f*p_ max (£) of £ to the solvability index i s (Mc) 
of the nil-radical Nc of £: 

is{Nc) < r° Pemax (£) < r Pjmax (£) < i s (Af £ ) + 1. 

This allows us to partition the set of all finite-dimensional Lie algebras into the 
subclasses of Lie algebras determined by the integer value of the Frattini index. 

Acknowledgment. We are indebted to Victor Lomonosov for a helpful discus- 
sion. 

2. Characteristic Lie ideals and subideals of Banach Lie algebras 

Let £ be a Banach Lie algebra. A subspace L of £ is a Lie subalgebra (ideal) if 
[a, 6] G L, for each a, b G L (respectively a G L, b G £). A linear map 8 on £ is a 
Lie derivation if 

(2.1) 5([a, b}) = [6(a), b] + [a, 5(b)] for a, b G £. 

Each a G £ defines a bounded Lie derivation ad (a) on £: ad (a) x = [a, a;]. 

Denote by D (£) the set of all bounded Lie derivations on £. It is a closed 
Lie subalgebra of the algebra B (£) of all bounded operators on £ and ad(£) = 
{ad (a) : a G £} is a Lie ideal of D (£), as [<5,ad(a)] = ad (5(a)) . If J is a Lie ideal 
of £, we denote by <5|j the restriction of 6 to J, and ad(£) |j = {ad(a)|j: a G £}. 

A Lie ideal of £ is called characteristic if it is invariant for all 6 G 2) (£) . 

Notation 2.1. We write J < £ if J is a closed Lie ideal of a Banach Lie algebra 
£, and J < ch £ if J is a characteristic closed Lie ideal of £. 

The center of £ is a characteristic Lie ideal. If £ is commutative then {0} and 
£ are the only characteristic Lie ideals of £. Indeed, each closed subspace of £ is 
a Lie ideal, each bounded operator on £ is a derivation and only {0} and £ are 
invariant for B(C). 

The following lemma shows that subspaces of £ invariant for all bounded Lie 
isomorphisms are characteristic ideals. 

Lemma 2.2. Let J be a closed linear subspace of a Banach Lie algebra £ invariant 
for all bounded Lie isomorphisms of C Then J is a characteristic Lie ideal of C 

Proof. For each 5 G £ (£) , 

00 t n S n 

exp(tS) = V — -, for t G R, 
^-^ n\ 

i=0 

is a one-parameter group of bounded Lie automorphisms of £: 

exp(tS)([a, b]) = [exp(t5)(a) 7 exp(tS)(b)}, 

for all a, b G £. Hence exp(t5)(J) C J. Since £(a) = lim t ^o( ex p(^)( a ) — a )A- 
for each a G £, J is invariant for <5, so it is a characteristic Lie ideal of £. □ 

Clearly, the intersection and the closed linear span of a family of characteristic 
Lie ideals are characteristic Lie ideals. 

Lemma 2.3. Let £ be a Banach Lie algebra, let J < ch £ and q : £ — > C/ J be the 
quotient map. If L < ch C/J then < ch £. 
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Proof. As J is a characteristic Lie ideal, S(J) C J, for each S G D (£) . Hence the 
quotient map S q : q(x) — > q(S(xj) on C/J is, clearly, a derivation of C/J. Since 
7 <J ch C/J, we have 5 q (I) C I. This means that % _1 (7)) C so that q _1 (-0 

is a characteristic Lie ideal of £. □ 

If 7 < J <J C then J is not necessarily a Lie ideal of £. For example, each subspace 
7 of a commutative ideal J of a Lie algebra C is not necessarily a Lie ideal of £ 
(e.g. subspaces of a Banach space X in the semidirect product £ — B(X) © ld X 
(see p.lOp ) are not Lie ideals of £). 

Statements (i) and (ii) in the following lemma are related to Lemma 0.4 [St], and 
(iii) belongs to the mathematical folklore; for the sake of completeness we present 
their proofs. 

Lemma 2.4. (i) If I < ch J <\ £ then I < £. 

(ii) J/ 7 < ch J < ch £ i/ien 7 < ch £. 

(iii) IfJ<\CandJ = [J, J] t/ien J < ch £. 

Proof, (i) As J < £, ad(£) |,/ is a Lie subalgebra of D (J). Hence I is invariant for 
ad(£) | j. Thus I is a Lie ideal of £. 

(ii) We have 5 (J) C J and <5|j G 2) (J), for all £ £ S3 (£), and A (J) C I for all 
AeD (J). Hence <5(7) C 7 for all <5 S T) (£). Thus 7 is a characteristic Lie ideal of 
£. 

(iii) By (pT|) . for each 5 e 2) (£), we h ave <5([J, J]) C [<5( J), J] + [J,5(J)] C 
[ J, £] C J. As 5 is bounded, <5(J) = S([J, J]) C J. Hence J is a characteristic Lie 
ideal of £. □ 

The existence of Lie ideals and characteristic Lie ideals of finite codimension 
was studied in [KST11 IKST2] . We will often use the following result obtained in 
|KST2j . 

Theorem 2.5. [KST2 Let a Banach Lie algebra £ have a closed proper Lie sub- 
algebra Cq of finite codimension. Then £ has a closed proper Lie ideal of finite 
codimension. In addition, 

(i) If Cq is maximal, then Co contains a closed Lie ideal of £ of finite codi- 
mension. 

(ii) If £ is non- commutative, it has a proper closed characteristic Lie ideal of 
finite codimension. 

Corollary 2.6. Let £ be a Banach Lie algebra and J be a non- commutative infinite- 
dimensional closed Lie ideal of C. If J has a proper closed Lie subalgebra of finite 
codimension, then J contains a closed Lie ideal I of £ that has non-zero finite 
codimension in J. 

If, in addition, J is a characteristic Lie ideal of C, then I is also a characteristic 
Lie ideal. 

Proof. By Theorem l2.5f iih J has a proper closed characteristic Lie ideal 7 of finite 
codimension. By Lemma \2. 41 7 is a Lie ideal of £; if J is characteristic then 7 is 
also characteristic. □ 

Definition 2.7. A Lie subalgebra I of a Banach Lie algebra £ is called a Lie 
subideal (more precisely n-subideal) ; if there are Lie subalgebras J\,...,J n of £ 
such that Jo ■= I Q Ji C • • • C J n = £ and each Ji is a Lie ideal of Jj+i . We write 
I <d £ if I is closed. In this case all Ji can be chosen closed (otherwise, replace all 
Ji by their closures). 
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In some important cases Lie subideals are automatically ideals. Recall that a 
finite-dimensional Lie algebra is semisimple, if it has no non-zero commutative Lie 
ideals. 

Lemma 2.8. Let L<d C. If L is a finite- dimensional semisimple Lie algebra, then 
it is a Lie ideal of C. 

Proof. Let L = Jq <3 J\ < • • • < J n = C. Since L is semisimple, then it is well 
known that [L,L] = L. Hence, by Lemma d^iii) , L < ch Ji. Therefore, by Lemma 
12. 4f i). L is a Lie ideal of J 2- Repeating the argument, we obtain that L is a Lie 
ideal of C. □ 

Corollary 2.9. Each Lie subideal of a finite- dimensional semisimple Lie algebra 
is a Lie ideal. 

Proof. Let L = Jq <J J% <3 • ■ • < J n = C. As C is semisimple, each Lie ideal of C is 
a semisimple Lie algebra. Hence L is semisimple. By Lemma 12.81 it is a Lie ideal 
of£. □ 



3. Preradicals 

3.1. Basic properties. Recall that £ denotes the class of all Banach Lie algebras 
and that the symbol J < ch £ means that J is a closed characteristic ideal of £. 
Now we will define a notion which plays the central role in this paper. 

Definition 3.1. A map R on £ that sends each £ £ £ into a closed Lie ideal R (C) 
of C is a topological preradical in L (in L) if for each morphism f : £ — > M in 
L (in L), we have 

(3.1) f(R(C))CR(M). 

Remark 3.2. We will omit the word "topological" in all notions of the radical 
theory, because we do not consider here the radical theory in the purely algebraic 
setting. 

For example, the map R: C \ — > [£, £], for all C G £, is a preradical. 
If R is a preradical then it follows from (|3.ip that 

if /: C — > M is a bounded Lie isomorphism, then 

(3.2) /: R(C) — > R(A4) is also a bounded Lie isomorphism. 

Corollary 3.3. Let I < C £ £ and q : C — > C/I be the quotient map. For each 
preradical R, 

(i) R (C) < ch C. 

(ii) R(I)<C and q- 1 (R(C/I)) < C. 

(hi) If I < ch C then R(I) < ch C and q- 1 (R(C/I)) < ch C. 

Proof. Part (i) follows from Lemma \2. 2 1 and p.2[) . 

(ii) By (i), R(I) is a characteristic Lie ideal of I. Hence, by Lemma 12. 4f i). 
R (I) <J C. As R(C/I) < C/I, we have q- 1 (R (C/I)) < C. 

(iii) Let I < ch C. Then, by (i), R(I) < ch J. Hence, by LemmaODIii) . W) < ch £. 
By (i), R(C/I) <l ch £/J. Hence, by Lemma H22 

^(i? (£//)) < ch £■ 

□ 
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We are interested in preradicals with some additional algebraic properties: 72 is 
called 

(3.3) lower stable if 72 (R (£)) = R (£) for all £ G £; 

(3.4) upper stable if R {C/R (£)) = {0} for all £ G £; 

(3.5) balanced if 72 (7) C 72 (£) for all 7 < £ G £; 

(3.6) hereditary if 72 (7) = 7 H 72 (£) for all 7 < £ G £. 

Definition 3.4. ^4 preradical is called 

(i) an under radical i/ it is lower stable and balanced. 

(ii) an over radical £/ it is upper stable and balanced. 

(iii) a radical if it is lower stable, upper stable and balanced. 

For example, the maps i? : £ i — ► {0} and 72i: £ i — ► £, for all £ G £, are 
radicals. 

Remark 3.5. The statement "7 < £ implies R (I) < £" proved in Corollarv l3.3f ii') 
is not generally true for associative algebras. So it was included as a separate 
condition in the definition of the topological radical in [D] . 

Let 72 be a preradical. A Banach Lie algebra £ is called 

(3.7) 1) R-semisimple if R (£) = {0}, 2) R-radical if 72 (£) = £. 

Set Sem(72) = {£ G £: 72(£) = {0}} and Rad(72) = {£ G £: 72 (£) = £}. 

Lemma 3.6. Let R be a preradical, let I < £ and let q: C — >• £/7 oe t/ie quotient 
map. 

(i) 7/ £ e Rad (72) t/ien g(£) G Rad (72) . 

(ii) If q(C) E Sem (72) then 72(£) C 7. 

(iii) Let 72 6e balanced. If £ G Sem (72) t/ien 7 G Sem (72). 

(iv) Let R be balanced and upper stable. If I and q{£) belong to Rad (72) then 
£ G Rad (72) . 

(v) Let R be balanced and lower stable. If I and g(£) belong to Sem (72) then 
£ G Sem (72) . 

ETQ 

Proof, (i) As 72(£) = £, we have q(£) = g(72(£)) C 72(g(£)) C g(£). Hence 
g (£)=72(g(£)). 

(ii) We have q (72 (£)) C 72 (g(£)) = {0}. Hence 72(£) C 7. 

(iii) If 7 < £ then 72 (7) C 72 (£) = {0}. 

(iv) As 72 is balanced and 7 G Rad (72), we have 7 = 72(7) C 72 (£). Hence there 
is a quotient map p: C/I — > £/72 (£). As 72 is upper stable and £/7 G Rad (72), 

£/72(£) = P {C/I)=p{R(C/I)) C 72(p(£/7)) = 72(£/72(i)) = {0}. 

Thus £ = 72(£). 

(v) It follows from (ii) that 72(£) C 7. Then 72(£) < 7. As 72 is balanced, 
72 (72(£)) C 72 (7) = {0}. As 72 is lower stable, 72(£) = 72 (72(£)) = {0}. □ 

In particular, it follows from Lemma l3.6f iv) and (v) that if 72 is a radical, then 
both classes Sem(72) and Rad(72) are closed under extensions. 

There is a natural order in the class of all preradicals. If 72 and T are preradicals, 
we write 

(3.8) T < 72, if T (£) C 72 (£) for all £ G £. 

We write T < 72, if T < 72 and there is a Banach Lie algebra £ such that T (£) ^ 
72(£). 
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If T < R then Sem(i?) C Sem (T) and Rad (T) C Rad(i?). Conversely, 
the following result shows that in many cases the order is determined by these 
inclusions. 

Proposition 3.7. Let T, R be preradicals. 

(i) If T is lower stable and R is balanced then Rad (T) C Rad (R) implies 
T <R. 

(ii) If T and R are under radicals then Rad (T) = Rad (R) if and only if 
T = R. 

(hi) If R is upper stable then Sem (i?) C Sem (T) implies T < R. 

(iv) IfT and R are upper stable then Sem (T) = Sem (i?) if and only if T = R. 

(v) Let T < R,T be balanced and I < £. IfT (I) = I and R(C/I) = {0} then 
T(C) = R{C) = I. 

Proof, (i) As T is lower stable, T(C) G Rad (T) for each C £ £. Hence T(C) £ 
Rad(i?) . Then T (C) = R(T(C)). Since R is balanced and T(C) < C, we have 
T{£) =R{T{C)) C R(C). 

(hi) As i? is upper stable, C/R(C) £ Sem (R) for each £ e £. Hence £/R(£) £ 
Sem(T). By Lemma . T(C) C i?(£). Part (hi) is proved. 

Part (ii) follows from (i), and (iv) from (hi). 

(v) As R(C/T) = {0}, we have from Lemma g^ii) that R(C) £ I. As T is 
balanced, 

I = T(I) C T(£) C i?(£) C 7. 

□ 

Corollary 3.8. (i) If R is a radical then C/R{C) £ Sem(i?) and R(C) £ Rad (R) 
for each C £ £,. Moreover, R(C) contains each R-radical Lie ideal of C. 
(ii) Let T and R be radicals. Then 

T = R <^> Rad (T) = Rad (R) Sem (T) = Sem (i?) . 

Proof. We only need to prove that R(C) contains each i?-radical Lie ideal I of C. 
Indeed, as R is balanced, I = R(T) Q R(C). □ 

Definition 3.9. Let R be a preradical. A closed Lie ideal I of a Banach Lie 
algebra C is called R-absorbing if C/I is R-semisimple. Abs^ (£) denotes the set 
of all R-absorbing ideals of C 

The following useful result was proved in |STi[ Theorem 2.11] for radicals in 
normed associative algebras. We will just check that the proof also works for 
Banach Lie algebras. 

Theorem 3.10. Let R be a preradical and C be a Banach Lie algebra. Then 

(i) the intersection of any family of R-absorbing Lie ideals of C is R-absorbing; 

(ii) each R-absorbing Lie ideal of C contains R(C); 

(hi) if R is an upper stable then R(C) is the smallest R-absorbing ideal of C 

Proof, (i) Let {J\} be a family of i?-absorbing ideals of C and J = P\J\. Since 
J Q J\, there is a bounded epimorphism p\ : C/ J — > £/ J\ with q\ — p\q, where 
q\ : C — > C/J\ and q : C — > £/ J are quotient maps. Therefore 

Px(R(C/J)) C R(£/J x ) = {0}, 

so that R{C/J) C J x /J for every A. Then q- 1 (R(C/J)) C nJ A = J, whence 
R(C/J) = {0}. 

Part (ii) follows from Lemma IBTSt ii). 

(hi) If R is upper stable then, by (^3]l . R{£) £ Abs R (£). So R(C) is the 
smallest i?-absorbing ideal of C. □ 
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Note that in general not every ideal containing R(£) is i?-absorbing. 

3.2. Preradicals of direct and semidirect products. Many examples below 
will be based on the following well known construction (see |Bo[ Sec 1.8]). 

Let Lx, Lq be Banach Lie algebras and tp be a bounded Lie homomorphism 
from L\ into 2) (Lq). Endowing their direct Banach space sum L\ + Lq with Lie 
multiplication given by 

(3.9) [(a; x), (b; y)] = ([a, b]; tp (a) y - tp (b) x + [x, y\) , 

for a, b G L\, x, y G Lq, we get the semidirect product £ = L\ ©^ Lq. It is a Lie 
algebra. Moreover, it is a Banach Lie algebra with norm ||(a; x)|| = max {||a|| , ||x||} 
and the multiplication constant tc = max {t[ Jl , 2 \\tp\\ + tL } . Identify {0} ©^ Lq 
and Lq. Then Lq < £ and C/Lq is isomorphic to L\. 
If tp = 0, we obtain the direct product L\ © Lq. 

If L\ is a Lie subalgebra of B (Lq) then we take ip = id and write L\ © ld Lq. 

Let Lq be commutative. Denote X = Lq. Then X is a Banach space and 
D (X) = B(X), as (EH holds for all x,y e X and T G Let us identify Li 

with the Lie subalgebra <p(Li) of and write ax instead of ip(a)x, for a G £i and 
x G X. Then the above construction gives us the semidirect product C = L\ © ld X 
with binary operation 

(3.10) [(a; x), (6; y)] = ([a, 6]; ay — 6x) for a, b G ii and x,y <E X. 

Let M be a closed Lie subalgebra of Li and F be a closed subspace of X invariant 
for all operators in M. Then M ffi ld Y can be identified with the closed subalgebra 
of C consisting of all pairs (a; x) with a G M and x <EY . 

Consider now the behavior of the semidirect product with respect to preradicals. 

Proposition 3.11. Let L — L\ ® v Lq and let R be a preradical. Then 

(i) R(C) QR{L X )®^ Lq. 

(ii) Let R be balanced. Then R (R (L{) ® v Lq) C R (£) and 

1) iftp= 0, so that £ = Li L , then R{£) = R(L{) © R(L ). 

2) if R is upper stable and Lq,L\ G Rad(i?), then C G Rad(i?). 

3) if Li G Sem(i?) then R 2 (£) C E(L ) C R(£) C L Q . J/ i? is afeo 
lower stable then R (C) — R (Lq). 

Proof, (i) The map /: C — > L\ defined by f((a;x)) = a, for all (a;x) G £, is a 
homomorphism from £ onto Li. As R is a preradical, f(R(£)) C R(L\). Thus 
i?(£) C i?(Li)e^L - 

(ii) Let i? be balanced. As R(Li) (B v Lq is a closed Lie ideal of £, we have 
R (R (Li) ®^ L ) CR(£). 

1) If ip = then, by (i), H(£) C i?^) © L and C L x © i?(L ). Hence 

i?(£) C R(L\) © R(Lq). As Li and Lo are closed Lie ideals of £, we have R(L\) C 
i?(£) and i?(L ) C i?(£). Hence R(£) = R(L{) © i?(L ). 

Part 2) follows from Lemma l3T6l iv'l . 

3) As R is balanced and R(L\) = 0, (i) implies R(L ) C i? (£) C L - As 
i? (£) < Lo and i? is balanced, we have R 2 (£) C R (Lq). If, in addition, R is lower 
stable then R 2 (£) = R (£) implies R(j£) = R (Lq). □ 

In particular, if i? is a radical then a semidirect product of i?-radical algebras is 
i?-radical. 

We will define now the direct product of an arbitrary family of Banach Lie 
algebras. 
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Definition 3.12. Let {£\} XeA be Banach Lie algebras with the multiplication con- 
stants t\ satisfying t\ = swp{t\} < oo. The Banach Lie algebra 

L = ©a£a = {a = (a\) XeA : a a G C\ and 

(3.11) ||a|| =sup{||a A || £A : A G A} < 00} 

with coordinate-wise operations and the multiplication constant t\ is called the 
normed direct product. 

Identify each C\ with |(<v)^ £A £ ©a£^: %i = for \x ^ a| . The closed Lie 
ideal C = ©a£a of C generated by all Lie ideals C\ is called the co-direct product. 

If A = N then C = ©n£k = {( a n) neti G l a n||,c n -> as n -» 00}. 

Proposition 3.13. Let C = ©a^a and C = ©a-Ca- If R is a balanced preradical 
then 

R (£) = ® A R (£a) QR(£)C © A i? (£ A ) • 
In particular, C G Sem(i?) if and only if all C\ S Sem(R). 

Proof. Let = {(aA) AeA e ©a£a : a M = 0}. Then C=JV f _ l ®C f _ l for each (U G A. 
By Proposition iintii) 1), R (£) = #(7^) © Hence 

R (£) = n M£A (i?(A^) © i?(£ p )) c n MeA (A^ © = © A i? (£a) • 

As all £\ < C < C and R is balanced, all R (C\) C i? C i? (£) . Hence 

(3.12) ffi A i? (£a) C R (c) CR (C) C © A i? (A) • 



Since i? (jtj C £ and i? C © A -R (£a) , it follows that 
i? (£) C (® A R(C\)) nC = &) A R (£ a ) 



Hence, by (l3~T2)) . i? (^£J = © A -R(£a) • Together with ([3~12|) this gives us the com- 
plete proof. □ 

4. Construction of radicals from preradicals 

In this section we consider various ways to improve preradicals, that is, to con- 
struct from them new preradicals with additional better properties (in particular, 
radicals). First we consider some operations on families of closed subspaces. 

Let G be a family of closed subspaces of a Banach space X. Denote by J2yeg ^ 
the linear subspace of X that consists of all finite sums of elements from all Y G G. 
Set 

(4.1) p (G) =X, if G = 0, and p (G) = f] Y, if G ^ 0, 



(4.2) s (G) = {0}, if G = 0, and s (G) = Y > if G - 

YeG 

Let / be a continuous linear map from X into a Banach space Z. Then 



f{G) := {f(Y) : Y G G}. 
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of closed subspaces in Z. As /(XVeG^O = YIyeg /00 anc ^ / * s con " 

f( 5 (G)) = f (J2y) C 5^/00 C 5] 7(F) = ,(/(G)), 
VreG / Y£G F£G 

/(KG)) = f(f]Y)C f] f(Y) C p| 7(F) = p(/(G)). 

4.1. i?-superposition series. Wc shall now develop a Lie algebraic version of the 
Dixon's constructions of radicals (see [D]) (in pure algebra they are known as Bacr 
procedures). 

Let R be a preradical. For £ e £, set R° (£) = £, i? 1 (£) =R(C), 
Ra +i ^ = ^ ^ for an ordinal a 

(4.5) and iT (£) = n i? Q ' (£) , for a limit ordinal a. 

a' <a 

By Corollary 13.31 this is a decreasing transfinite chain of characteristic Lie ideals 
of £. It stabilizes at some ordinal /?: i? /3+1 (£) = i?^ (£), where (3 is bounded by 
an ordinal that depends on cardinality of £. Denote the smallest such j3 by r° R (£) 
and, for all £ G £, set 

(4.6) i?° (£) = i? r « (c) (£), so that R{R°{C)) = R°{£). 

Lemma 4.1. Lei i? and T 6e preradicals. If at least one of them is balanced and 
R <T, then R a < T a for every a, and R° <T°. 

Proof. Follows by induction. Indeed, let £ be a Banach Lie algebra and R a < T a 
for some a. Since R a (£) < T a (£), it follows that R(R a (C)) C R (T a (£)) C 
T a+1 (£) if R is balanced, and R a+1 (£) C T (i? tt (£)) C T (T a (£)) if T is balanced. 

If R a ' (£) C T Q ' (£) for all a' < a, then R a (£) C T Q (£) follows from (|4~5i 
Taking a = max {r^,(£), r^(£)}, we obtain that R° (£) C T° (£) for every Banach 
Lie algebra £. □ 

Theorem 4.2. Let R be a balanced preradical. Then 

(i) i?" is a balanced preradical for each ordinal a. 

(ii) R° is an under radical, Rad(i?) = Rad(L?°) and Sem(R) C Sem(i?°). 
Moreover, R° is the largest under radical smaller than or equal to R. If R 
is lower stable then R° = R. 

(hi) If C — ©a£a is the normed direct product o/{£a} a then 

r° R (£)<maxr^(£ A ). 

Proof, (i) Let R a be a balanced preradical for some a. Let us show that R a+1 
is a balanced preradical. We have / (R a (£)) C R a [M.) for each morphism /: 
£ — > Ai. Since / is a homomorphism, and since R a (£) < £ and /(£) is dense in 
X, we have f{R a {C)) < M. Hence f(R a (£)) < i? a (X) and 

/(iT +1 (£)) = f(R(R a (£))) C i? (£))) 

C R(R a {M)) = R a+1 (M). 

Thus R a+1 is a preradical. As R a is balanced, i? Q (7) C R a (£) if 7 < £. By 
Corollary Goth), ^ Q (0 is a Lie ideal of £. Hence R a (I) < iT (£). Since i? is 
balanced, it follows that R a+1 {I) = R{R a {I)) C R{R a {£)) = R a+1 (C). Thus 
i? Q+1 is balanced. 



is a family 
tinuous, 

(4.3) 

(4.4) 
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Let a be a limit ordinal and R a , a' < a, be balanced preradicals. For 7 <] £, 
R a {I) = n R a ' (7) C n R a ' (£) = R a (C) and, by (gU), for each morphism /: 

f(R a (£)) = / f n iT (£) ) c n /(iT (£)) 
c n iT' (X) = i? Q (.M) . 

a' <a 

Thus R a are balanced preradicals for all a. 

(ii) From (i) and from the definition of R° we have that R° is a balanced pre- 
radical. As {R a (C)} is decreasing, R°(C) C i? (£) for all £ G £, so that i?° < i?. 
From this and from the definition of R° it follows that R(C) = £ R°(C) = £. 
Thus Rad(ft) = Rad(i?°). If R(C) = {0}, it follows from the construction that 
R°(C) = {0}. Hence Sem(77) C Sem(i?°). 

By gU), R° (£) G Rad(i?) = Rad(i?°). Thus i?° is lower stable. Hence R° is 
an under radical. 

If R is lower stable, then R is an under radical. As Rad(i?) = Rad(7£°), it 
follows from Proposition 13. 7f ii) that R = R° . 

Let T be an under radical and T < R. If £ G Rad (T) then £ = T(£) C i?(£) C 
£. Hence £ 6 Rad (R) = Rad (i?°) . Thus Rad (T) C Rad (i?°) . By Proposition 
IOt). T <R°. Part (ii) is proved. Part (iii) follows from Proposition l3~T3l □ 

Proposition 4.3. Let R be a balanced preradical and let I < £. 

(i) //£ G Sem(i?°) ften 7 G Sem(i?°) and r£, (7) < r° R (£). 

(ii) 7/ 1 and C/I belong to Sem(i?°) then £ G Sem(7£°) and 

r R (C)<r R (C/I) + r R (I). 

Proof. The first assertions in (i) and (ii) follow from (iii) and (v) of Lemma 13.61 
respectively. 

(i) As R is balanced then, by Theorem 14. 2 IT l R a is balanced for each ordinal a. 
Let (3 = r° R (£). Then 7^(7) C R P (C) = R°(C) = {0}. Hence r° R (7) < (3. 

(ii) Let q: £ — >• £/7 be the quotient map, 7 = (I) and j3 — r° R {C/I). As 

g(i^(£)) C ^(g(£)) = ^(£/7) = ii o (£//) = {0}, 

we have R f3 (C) C 7. Hence 7^(7^ (£)) C 7^(7) = i?°(7) = {0}. Thus r£ (£) < 
/3 + 7- □ 



Note that the order of ordinal summands in Proposition ^. 3f ii) is essential, since, 
generally speaking, R^{C) = i?T(i?' 9 (£)) ^ R^{R? {C)) = R? +0 {C), so that 
P + l^l + P- 

4.2. i?-convolution series. For each preradical R, denote by qn the quotient mor- 
phism on £: qu: £ — > C/R{C) for all £ G £. Define a product R*T oi preradicals 
R, T on £ by the formula 

(4.7) (i? * T)(£) = q- 1 (R(q T (C))) for each £ G £. 

Proposition 4.4. Let R, T be preradicals. Then 

(i) R*T is a preradical and T < R*T. 

(ii) If R is balanced then R*T is balanced. 

(iii) 7/7? is lower stable then R*T is lower stable. 

(iv) If S is another preradical and S < T, then R* S < R*T and S * R <T * R. 
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Proof, (i) By the definition, for each £ G £, we have that R(qT(£)) is a closed 
Lie ideal of qr(£)- As qr is a bounded epimorphism, q^ 1 (R(qT(£))) is a closed Lie 
ideal of £. 

Let /: £ — 5- M be a morphism in L. Set q — qr\£ and gi = (/tI^L For 
each x G £, set h(x) = gi (/(#)). Then ft, is a bounded homomorphism from £ into 
M/T(M) with dense image. As T is a preradical, f{T{£)) C T(«M). Therefore, for 
each a G T(£),h(x + a) = qi(f(x) + /(a)) = qi(f(x)). Thus fr. generates a bounded 
homomorphism /i: g(£) = C/T(C) — > M/T{M) = qi{M) with dense image and 
hq = qif. Then (i? * T){C) = q? 1 (R(q T (C))) = q' 1 (R{q(C))) , so that 

qi f((R * T)(£)) = hq{q-\R(q{C)))) = h(R{q{£))) C fl( 9 i(7W)). 

Therefore f((R*T)(£)) = q^ 1 {R{q x {M))) = (R*T)(M). Thus i?*T is a preradical. 
Clearly, T(£) C q' 1 (R(q T (£))) = (i?*T)(£), for each £ £ £, so that T < R*T. 

(ii) For 7 < £ G £, we have g T (-0 < 3r(£)- If -R is balanced, R(q T (I)) C 
R(q T (£)). Hence 

(i? * T)(/) = q-^Rfail))) C ^(i?^^))) = (fl * T)(£). 

Thus the preradical R*T is balanced. 

(iii) If i? is lower stable, R(R(£)) = R{£) for all £ G £. Then R * T is lower 
stable, as 

(i? * T)((i? * T)(£)) = q T \R(q T (q^(R(q T (£)))))) 
= q T \R(R(q T (£)))) 
= q T 1 (R(q T (£))) = (R*T)(£). 

(iv) Let S < T and £ G £. Then S(£) C T(£). Hence there exists a quotient 
homomorphism p: qs(£) = £/S{£) — > £/T(£) = <7t(£), such that <?t = pgs. 
Therefore 

9r((R*S){C)) =pq S (q s 1 (R(q S (£)))) =p(R(q S (£))) 
C R(pq s (£)) = j R(<zt(£))- 

Thus (i? * 5)(£) C q- 1 (R(q T (£))) = (ii* T)(£). Hence R*S <R*T. 
As S <T, we have S(q R (£)) C T{q R {£)). Therefore 

(5 * i?)(£) = q^(S(q R (C))) C ^(T^))) = (T * i?)(£). 

Thus S*R<T*R. □ 

For each preradical i?, we will define now an upper stable preradical i?* in the 
following way. For £ G £, set (£) = {0}, i?W (£) =R(£), 

(4.8) i? (Q+1) (£) = (i? * (£) , for an ordinal a, 

By Proposition I4.4f i) . we have R^ (£) C i?( Q+1 ) (£) . Hence we can define 

(4.9) R {a) {£) = U R( a ') (£), for a limit ordinal a. 

a' <a 

|i?( a ' (£)} is an increasing transfinite chain. By Corollary 13. 31 it consists of char- 
acteristic Lie ideals of £. As all a are bounded by an ordinal that depends on 
cardinality of £, the chain stabilizes at some ordinal (3: R^ +1 > (£) = R^> (£) . 
Denote the smallest such (3 by r* R (£) and set 

(4.10) R*{£) = R r * {c) (£), so that R* R* = R*. 
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Theorem 4.5. (i) Let R be a preradical. Then R* is an upper stable preradical, 

R < R*, Sem(i?) = Sem(iT) and Rad(i?) C Rad(iT). 

If R is balanced, then R* is an over radical. Moreover, R* is the smallest over 
radical larger than or equal to R. If R is upper stable then R* = R. 

(ii) Let R and T be preradicals. If R < T, then R^ a ' < for each a, and 
R* < T*. 

Proof. Let R {a) be a preradical for some a. By PropositionH^i) , = R*R^ 

is a preradical for an ordinal a. Let a be a limit ordinal and let R^ a \ for a' < a, 
be preradicals. For each morphism /: £ — > M. it follows from (|4.3I) that 

f(R^ (£)) = / ( U R(-')(C)) C u f(RW(£)) 

C u R( a '){M) = R a (M) . 

a' <a 

Thus R( a > are preradicals for all a, so that R* is a preradical. 

By (O, d^U) and Proposition HUT), we have R < R*. Hence R*(C) = {0} 
implies R(C) = {0}. If R(C) = {0}, it follows from - (O that R*(C) = {0}. 
Thus Sem(i?) = Sem(R*). 

If R(C) = C, it follows that all R^(C) = C, so that R*(C) = C. Hence 
Rad(i?) C Rad(i?*). 

Set q = q R ,. As R* = R* R* (see (|4TTU)) l we have from gT]) that i?* (£) = 
(i? * = q-^RiqiC))). Hence (£)) = R{q{C)). As q: C — > C/R*(C), 

we have q(R* (£)) = {0}. Hence R(q(C)) — 0. Thus q(C) is i?-semisimple, so that 
q(£) is i?*-semisimple by the above argument. Hence R*(C/R* (£)) — 0, whence 
R* is upper stable. 

By (|4.10p . R* = R * R*. Hence, if R is balanced, it follows from Proposition 
I4.4f ii) that R* is balanced. Thus R* is an over radical. 

Let T be an over radical such that R < T. If C e Sem (T) then C 
T(£) = {0}. Hence £ e Sem(i?) = Sem(i?*). Thus Sem(T) C Sem( J R*). By 
Proposition [S^iii), i?* < T. 

Let R be upper stable. As R* is upper stable and Sem(i?) = Sem(i?*), it follows 
from Proposition I3.7r iv) that R — R*. Part (i) is proved. 

Part (ii) follows by induction. Indeed, let R {a) < T (q) for some a. As R < T, we 
have from Proposition OTiv) i?( Q+1 ) = R * R^ < R * <T* = T^ a+1 \ 
Let £ be a Banach Lie algebra. If i?( Q ') (£) C r( a ') (£) for all a' < a, then 
(£) c T( Q ) (£) follows from gU). Taking a = max {r* R (C), r* T {C)}, we have 
that R* (£) C T* (£) for each Banach Lie algebra £. □ 

The following theorem gives sufficient conditions for R° and R* to be radicals. It 
is similar to the result proved in [D] for the category of associative normed algebras. 

Theorem 4.6. (i) // R is an under radical then R* is the smallest radical larger 
than or equal to R. 

(ii) If R is an over radical then R° is the largest radical smaller than or equal 
to R. 

Proof, (i) By (|4.10p . R* = R * R* . As R is lower stable, Proposition ^. Al iii) implies 
that R* is lower stable. Hence, by Theorem I4.5l i). R* is a radical, R < R* and 
R* is the smallest over radical larger than or equal to R. Hence R* is the smallest 
radical larger than or equal to R. 

(ii) Let R a be upper stable for some a: R a (C/R a (£)) = {0} for all £ e £. As 
Ra +i g Ra ^ there ig the quotient map q . £/R a+1 (£) — > C/R a (£). Since 
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R a is a preradical, it follows that q(R a (C/R a+1 (£))) C R a {C/R a (£)) = {0}. So 
R a (C/R a+1 (£)) C kcr (q) = R a (£) /R a+1 (£) . As R is upper stable, 

R(R a (£) /R a+1 (£)) = R(R a (£) /R(R a (£))) = {0}. 

Therefore, as R is balanced, 

R a+1 (C/R a+1 (£)) = R (R a (C/R a+1 (£))) 

C i?(iT (£) /R a+1 (C)) = {0}. 

Thus 7? Q+1 (£) is upper stable. 

Let a be a limit ordinal. For all a' < a, R a ' (c/R a ' (C)\ = {0} and R a (£) C 

R a ' (£) for each £ G £. Let g be the quotient map q : £/R a (£) — > £/i?"' (£). 
Since i?" is a preradical, 

(£/i? Q (£))) C R a ' (q(C/R a (£))) = R a ' [c/R a ' (£)) = {0}. 
Hence R a ' (C/R a (£)) C kcr (q) = R a ' (£) / R a (£) . Therefore, as R a (£) = n R a ' 

a' <a 

we have 

R a (C/R a (C))= n R a '(C/R a (C)) 

a' <a 

c n (£)/i? Q (£)| = {0}. 

Thus i? a is upper stable for all a, so that R° is upper stable. Hence, by Theorem 
14.21 R° is a radical, R° < R and i?° is the largest under radical smaller than or 
equal to R. □ 

4.3. Construction of under radicals by subideals. Let £ e £. Recall that a 
closed Lie subalgebra I of £ is a Lie subideal (/ <d £) , if there is a chain of closed 
Lie subalgebras Jo,..., J n of £ such that / = Jo < J\ < ■ • • < J n = £. Let i? be a 
preradical. Set (see (|4.2p ) 

Sub (£, iJ) = {/-«£: i? (7) = 7} and 
(4.11) R s : £ h-+s (Sub (£,#)). 

The subideals in Sub(£, i?) are called i?-radical. Clearly, i? s (£) is a closed subspace 
of £. 

Lemma 4.7. Let R and T be preradicals. If R < T then R s < T s . 

Proof. Let I e Sub (£, i?). As Rad (R) C Rad (T) , we have 7 e Sub (£, T). Hence 
R s (£) C T s (£). Thus R s <T S . □ 

Theorem 4.8. Let R be a preradical in L. Then 

(i) i? s is a balanced, lower stable preradical, so that R s is an under radical in 
L. 

(ii) If R is balanced, then R s < R (see (|3.8[1 ) and R s is the largest under radical 
smaller than or equal to R. 

(hi) If R is lower stable, then R < R s and R s is the smallest under radical larger 

than or equal to R. 
(iv) If R is an under radical then R = R s . 

Proof, (i) Let /: £ — > M. be a morphism in L, 7 £ Sub (£, R) and 7 = Jo < • • • < 
J n = £ for some closed Lie algebras Ji in £. Then f(I) = /(Jo) < • • • < f(J n ) = M 
and all /(Ji) are closed Lie algebras in M. Hence /(7) <C M.. As 7 = i?(7), we 
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have from (JUJ that /(I) = f(R(I)) C i? (/(/)) C /(J). As i? (/(/)) is closed, 
R (7(7)) = /(I). Thus 7T0 G Sub (M,R) and 

/( E ') = E /we E 

\/GSub(£,fl) / /GSub(£,i?) JGSub(A4,fi) 

so that f(R s (£)) C i? s (7W). Therefore R s is a preradical (see (l3~lT ). 

Let K <\ £. If i G Sub (if, i?) then J = J < ■ • • < J n = K for some closed Lie 
algebras J;, whence I € Sub(£,i?). Thus Sub (if, R) C Sub (£,#). Hence i? s is 
balanced (see (I3.5I0 . since by (|4.1ip . 

r s (K)= J2 £ ~ I = RS 

/eSub(if : i?.) /SSub(£,i?,) 

Set K = R s (£). If 7 6 Sub (£, i?) then 7 = J < • • • < J„ = £. By (l4~TTjl . 
7 C it Hence J = ( J n K) < ■ ■ • < (J w n if) = K, so that 7 e Sub (A", R) . Thus 
Sub (£, i?) = Sub (if, i?). Hence, by (liTTTI) . R s (R s (£)) = i? s (it) = i? s (£) . Thus 
(see p.3p ) R s is lower stable. 

(iv) Let R be balanced. If I G Sub (£, i?) then i = J < • ■ ■ < J n = C and 
I = R{I) = R{Jo) C ... C R(J n ) = R{C). Hence, as R(C) is closed, it follows from 
(l4TTTj) that R s (£) C i? (£) .Thus i? s < R. This also proves the first statement of 
(ii). 

Let R be lower stable. Then R(R(C)) = R{£) for all C G £, so that R(C) e 
Sub (£,i?) . Hence, by ([Pi]) . i?(£) C i? s (£). Thus i? < R s . This also proves the 
first statement of (hi). 

So if R is balanced and lower stable then R = R s that proves (iv) . 

Let us finish the proofs of (ii) and (iii). 

(ii) Let R be balanced, let Q be an under radical and Q < R. If J is a Q-raclical 
subideal of C, then I is an i?-radical subideal of C. Hence Q s < R s . It follows from 
(iv) that Q = Q s . Therefore R s is the largest under radical smaller than or equal 
to R. 

(iii) Let R lower stable, let T be an under radical and R <T. If / <E Sub (£, R) 
then I = R(I) C T(I) C I. Hence I = T(I), so that I € Sub(£,T). Thus 
Sub(£,i?) C Sub(£,T). Using gJTI) . we have R s (£) C T s (£) for each £ e £. 
By (iv), T = T s , whence R s < T. Therefore R s is the smallest under radical larger 
than or equal to R. □ 

Theorem I4.8( i) and (iv) yield that R ss = R s for each preradical R. 

Corollary 4.9. Let R be a preradical in L. 

(i) If R is lower stable then R < (i? s )* and (R s )* is the smallest radical larger 
than or equal to R. 

(ii) If R ts balanced then R s = R° < R < R* , (R )* and (R*)° are radicals, 
and (R )* < (R*)°. 

Proof, (i) If R is lower stable then R < R s and R s is an under radical by Theorem 
ICT iii). and R s * is a radical by Theorem S^i). By definition, R s < R s *. So 
R < R s *. 

Let T be a radical and R < T. Then R s < T s by Lemma As T is an 
under radical, T s = T by Theorem EUJiv). Therefore R s < T. By Theoreml4~5Tii). 
(R s )* < T*. As T is upper stable, T* = T by Theorem EM) ■ Th ^ s (R s )* is the 
smallest radical larger than or equal to R. 

(ii) Let R be balanced. Then R s = R° by Theorems S^ii) andHUn). 
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It follows from Theorems|13lll>J|ll>]that (R )* and (R*)° are radicals. Further, 
by Theorems IO and H31 R° < R < R* . By Lemma ICT (R°)° < (R*)°. As 
R° is lower stable, R° = (R°)° by Theorem gJJ Hence R° < (R*)°. Since, by 
Theorem 14.6^ 1^) . (R )* is a smallest radical larger than or equal to R°, we have 
(R )* < (R*)°. □ 

5. Construction of preradicals from multifunctions 

Some important preradicals in L and its subcategories arise from subspace- 
multifunctions on £; we will now study this link. 

Let F, G be non-empty families of subspaces of X. We write 

F~^G if, for each Y £ F, there is Z £ G such that Y C Z; 

(5.1) GcF if, for each Y £ F, there is Z £ G such that Z C Y". 

We assume that 0£*G and GcT0. By ([BTT]) . if F £ G then F£*G and G£:F. It 
follows from (gUJ, flU) and flSHJ) that 

(5.2) if F £^G then s (F) C s (G) ; if G£ F then p (G) C p (F) . 

If G ^ then {{0}} £G£^ {X} . For one-element families F = {Y} and G = {Z}, 
both relations coincide with inclusion: if {Y} £^{Z}, or {Y} cT {Z} , then Y" £ Z. 

Definition 5.1. If, for each C £ £, a family Tc of closed subspaces (Lie algebras, 
Lie ideals) of C is given, we say that T = {Tc} is a subspace (Lie algebra, Lie 
ideal) -multifunction on £. 

Let r = {Tc} be a subspace- multifunction. Making use of (|4.1[) . set 

(5.3) F r (£) = p(r £ ) and S r (£) = s(T c ), for each £ £ £. 

If, for example, r £ is a singleton {0 (£)} for each £ £ £, then Sr (£) = Fr (£) = 

<K£). 

Definition 5.2. Lei T be a sub space-multifunction on £. //, for each morphism 
f : £ — > M., the family f (Tc) = {f(Y) : Y £ Tc} of closed subspaces of M. 
satisfies 

(i) f(T c ) ^T M then the multifunction T is called direct; 

(ii) / (Tc) C Tm then the multifunction T is called strictly direct; 
(hi) / (Tc) CTm then the multifunction T is called inverse. 

Proposition 5.3. (i) If T is a direct multifunction then Sr is a preradical in L. 
(ii) If T is an inverse multifunction then Fr is a preradical in L. 

Proof. If T is direct then / (T c ) £?T M for each morphism /: £ — > M.. Therefore 

£OJ J5T2J rjpTl 

/(Sr(£))^/(5(r £ )) C 5 (f(T c )) C S (T M )^ S r (M). 

If r is inverse then / (Tc) CTj^ for every morphism /: £ — > M. Therefore 

f(P r (C))^ f(p(T c )) C p(/(r £ )) £ p(r A ,)^F r (X). 

Take = £. Considering inner automorphisms / = expi(ad (a) ) for a £ £, f £ C, 
we get that Fr (£) and Sp (£) are ideals of £. Thus we have from (|3.1I) that 5r 
and Fr are preradicals. □ 

If r is a direct subspace-multifunction on £, set Ijr = Sr (£) . If T is an inverse 
subspace- multifunction on £, set Ic = Pr (£)• For J < £, set 

(5.4) r £ n J = {in J : l £ r £ }. 
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Definition 5.4. A direct (respectively, inverse) sub space-multifunction T is called 

(i) balanced ifTjCTjr, (respectively, Tj t T c ) for all J < £ G £; 

(ii) lower stable ifTji$_Tj L (respectively, r^cT/^) for all £ G £; 

(iii) upper stable if! 'c/i £ = {{0}} (respectively, p(Tc/ic) ~ i®}) f or a ^ £ £ £• 

Theorem 5.5. Let T be a direct (respectively, inverse) sub space-multifunction on 
£. 

(i) If r is lower stable then Sr (respectively, Pr) is a lower stable preradical. 

(ii) IfT is balanced then Sr (respectively, Pr) is a balanced preradical. 

(iii) IfT is upper stable then Sr (respectively, Pr) is an upper stable preradical. 

Proof. By Proposition 15.31 Sr is a preradical if T is direct, and Pr is a preradical 
if r is inverse. 

(i) Let T be lower stable. IfT is direct, Tc ~C^Ti £ for all £ G £, where Ic = Sr(C). 
Hence 

Sr(C) 'P 5 (T C ) 1? s(T Ic ) *P Sr(Ic) = S r (S r (C)). 
If r is inverse then T c CT Ic for all £ G £, where I c = Pr(£). Hence 

P r (£) p(T c ) p(T Ic ) <P P r (/ £ ) = P r (P r (£)). 

Thus (see (|3.3l0 Sr and Pr are lower stable. 

(ii) Let r be balanced. If T is direct then Tj T^Tc for all J < £ G £. Hence 

*(./) l P»(r,) l lV £ )<P Sr (£). 

PT3l J5.2[ 

If T is inverse, rjG:r £ for all J < £ G £. Hence P r (J) = p(Tj) C 

p(r £ ) *P Pr(£). Thus S r and P r are balanced (see (l3"31» . 

(iii) Let T be upper stable. IfT is direct then r 'c/i c — {{0}} for all £ G £, where 

Ic = Sr (£) . Hence S r (£/S r (£)) = S T (C/I C ) *P s(r £/7 J = {0}. 

If F is inverse then p(r£/ /c ) = {0} for all £ G £, where Ic = Pr (£) . Hence 

Pr(£/P r (£)) = Pr(C/I c ) *P P(r £ //J - {0}. Thus (see flU}) S r and P r are 
upper stable. □ 

Now we characterize Sp-radical and Pp-semisimple Lie algebras via multifunc- 
tions T. 

Theorem 5.6. Let T be a sub space- multifunction on £. 

(i) // r is direct, then the following are equivalent for each £ G £. 

1) ~F c/i * s non-empty and T^/i =/= {{0}} for each I <\ £, I ^ £. 

2) T/r/i is non-empty and V c/i 7^ {{0}} f or each I <J ch £, I ^ £. 

3) £ is S T -radical. 

(ii) Let r &e inverse and the preradical Pr balanced. The following are equiva- 
lent, for £ G £. 

1) Tj is a non-empty family of proper subspaces for each {0} ^ I <\ C 

2) Tj is a non-empty family of proper subspaces for each {0} ^ / <3 ch £. 

3) £ is P^-semisimple. 

Proof, (i) 1) =>■ 2) is evident. 

2) => 3). Set R = S r - By Proposition [S^i) and Theorem 1431 P* is an upper 
stable preradical and R < R* . Set I = R* (£) . Then / is a characteristic Lie ideal 
of £ and R(C/I) C P* (£//). If £ is not P*-radical then / ^ £. As T £/J is non- 
empty and r £/J ^ {{0}}, we have P(£/P) = S r (C/I) = s(T c/I ) ^ {0}. Hence 
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{0} ^ R{C/I) C R*{C/I) = R*{C/R{C)) = {0}. This contradiction implies 
that R*(C) = £. Thus (see ([37?])) £ is fl-radical. 

3) 1). Let £ be iT-radical and let I < £, I ^ £. By Lemma [37ofi) , 
R*(C/I) = C/I ^ {0}. Hence it follows from Theorem g3] that i?(£/I) = 
Sr (£//) 7^ 0. This is only possible when ]?£// is a non-empty family with non-zero 
subspaces. 

(ii) 1) => 2) is evident. 2) =S> 3). Set i? = Pp. By Proposition [Ofti) and 
Theorem 14. 2 [ R° is an under radical. Let £ be not i?°-semisimple. By Lemma |2~21 
I = R° (£) {0} is a characteristic Lie ideal of £. Hence L/ is a non-empty family 
of proper subspaces of I. Then R (R° (£)) = P r CO = p(L/) § J. By Theorem!^ 

R° < R. Therefore, as R° is lower stable, R° (£) = R°(R° (£)) C (£)) C 

i?° (£), a contradiction. Thus £ is i?°-semisimple. 

3) 1). Let £ be i?°-semisimple (that is, R°(C) = {0}) and let {0} ^ I < £. 
As i?° is balanced, we have from Lemma r3.6f ii) that i?° (I) = {0}. If R (I) = I, it 
follows from (JOJ) that i?°(J) = 7, a contradiction. Thus R(I) = P r (I) = p(L/) g 
J. This is only possible when L/ is a non-empty family of proper subspaces of /. □ 

Let L be a Lie subalgebra- multifunction on £, that is, each family Tc, £ £ £, 
consists of closed Lie subalgebras of £. If i? is a preradical, then i? (r) is also a Lie 
subalgebra-multifunction on £, where each R(T)c = R(Tc) = {R{L)'- L G Tc} is a 
family of closed Lie subalgebras of £. 

Proposition 5.7. Let T be a Lie subalgebra-multifunction on £ and R be a pre- 
radical on L. IfT is strictly direct then the multifunction R(T) is direct. If R, in 
addition, is balanced and TjCTcDJ for all J < £ G £ (see (|5.4|Q . t/ien. i? (L) is 

Proof. Let /: £ — ► AW be a homomorphism with dense range. As L is strictly 
direct, M := f (L) G Tm, for each L G T^, and f\r,: L — > M is a homomorphism 
with dense range. As R is a preradical on L, we have f(R(L)) C R(M). Hence 
/(i?(L £ )) C^Lm). 

Let J < £. Then, for each L G L£, we have (Lfl J) <3 L. If i? is balanced then 
R(L nJ)CR (L). Hence if Tj C T £ n J then i? (Lj) C^i? (r £ ). □ 

It follows from Proposition 15.31 and Theorem I5.5f ii) that in the conditions of 
Proposition 15. 71 gg/n is a preradical and a balanced preradical, respectively. 

6. Examples of multifunctions and radicals 

In the first subsection we consider some preliminary results about chains of 
closed subspaces which we will later apply to describe examples of multifunctions 
and radicals. 

6.1. Finite-gap families of subspaces. In the following lemma we gather several 
elementary results on subspaces of finite codimension in a normed space. 

Lemma 6.1. Let Z be a subspace of a normed space X and let Y be a closed 
subspace of finite codimension in X . Then the subspace Y + Z is closed in X, 
Y n Z is a closed subspace of finite codimension in Z and dim (Zj (Y l~l Z)) = 
dim((y + Z) /Y). 

Proof. Let q: X — > X/Y be the quotient map. As X/Y is finite dimensional, 
q (Y + Z) is closed in X/Y, whence Y + Z = q^ 1 (q (Y + Z)) is closed in X. It is 
clear that Y (~) Z is closed in Z. As (Y + Z) /Y and Zj (Y n Z) are isomorphic 
in the pure algebraic sense, their dimensions coincide, whence Y H Z has finite 
codimension in Z. □ 



TOPOLOGICAL RADICALS AND FRATTINI THEORY OF BANACH LIE ALGEBRAS 21 



From now on X denotes a Banach space and G a family of closed subspaces of 
X. For y, Z e G with y C z, the set [y, Z]g = {W € G: f C W C Z} is called 
an interval of G. If [y, Z]g = {y Z}, the pair (y, Z) is called a gap. Recall (see 
(|4Tjl) that 

p (G) = X and s (G) = {0}, if G = 0; 
otherwise p (G) = f and s (G) = ^ y. 

For a family G of closed subspaces of X, define its p- completion and 5- completion 
as follows: 

G p = {p (G') :0/G'CG}u{s (G)} and 
G 5 = {s (G') : 0/G'CG}u{p (G)} . 

We add s(G) to G p and p(G) to G 5 for technical convenience. We say that 

1) G is p- complete if G = G p ; 

2) Gis s- complete if G = G 5 ; 

3) G is complete if it is p-complete and s-complete. Clearly, G C G p n G s . 

Definition 6.2. A family G of closed subspaces of X is called 

(i) a lower finite-gap family if for each Z =^= p(G) in G, there isYeG such 
that Y d Z and < dim(Z/y) < oo. 

(ii) an upper finite-gap family if for each Z ^ s(G) in G, there is Y 6 G such 
that Z C y and < dim (y/Z) < oo. 

Note that a lower finite-gap family may have infinite gaps. Let X be a Hilbert 
space with a basis {e n }^L x . The family G of subspaces Lk = {e„}^L fc , Mf. = 
{e2n-i}^L fe , for all 1 < k < oo, and {0} is a p-complete, lower finite-gap family. 
However, [Mi,Zi]g is an infinite gap. 

The next lemma provides us with numerous examples of lower and upper finite- 
gap families. 

Lemma 6.3. Let G be a family of closed subspaces of X. 

(i) If G consists of subspaces of finite codimension then G p is a lower finite- gap 
family. 

(ii) If G consists of subspaces of finite dimension then G 5 is an upper finite- gap 
family. 

Proof, (i) Let p(G)/ZeG». Then Z = p (G') for some ^ G' g G . Set 
G" = G\G'. Then 

P (G) = p (G') n p (G") = z n p (G") = n YeG „ (z n y). 

As Z ^ p (G), there is a subspace y <E G" such that Z n Y ^ Z. Then ZnFeG p 
and, by Lemma lOl Zny has finite codimension in Z. Thus < dim (Z/ (Z n Y)) < 
oo. 

(ii) Let s(G)^ Z eG s . Then Z = s (G) for some ^ G' g G. Set G" = G\G'. 
Then 

s (G) = span (s (G') + U Y eG"Y) = span (U YeG » (Z + Y)) . 

Since Z ^ s (G), there is a subspace Y € G" such that Z + Y ^ Z . By Lemma RTTl 
Z + y is closed. Hence Z + y e G 5 and < dim ((Z + y) /Z) < oo. □ 

Remark 6.4. In this paper we consider p-complete lower finite-gap families. Sim- 
ilar results hold for s-complete upper finite-gap families. 
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A subfamily C of G is a chain if every two subspaces in C are comparable, that 
is, the order defined by inclusion is linear on C. A chain C is maximal if G has no 
other larger chain. 

Lemma 6.5. Let G be a p-complete family of closed subspaces in X . Then 

(i) For each chain Co in G, there is a maximal p-complete chain C m in G 
containing Co with p(C m ) = p(Co) and s(C m ) = s(Cq). 

(ii) Let C be a p-complete, lower finite- gap chain. Then 



a) C is complete and is a complete strictly decreasing transfinite sequence 
of closed subspaces; 

b) each chain in [p(C),s(C)]c larger than C is also a lower finite-gap 



c) the interval [p{C),s(C))g has a maximal, complete lower finite-gap 
chain containing C. 

(hi) Let C be a lower finite- gap chain. If it is maximal in [p(C),s(C)]g then C 
is complete. 

(iv) Let Co be a p-complete, lower finite-gap chain with s(Co) = s(G). Then 
G has a maximal, lower finite- gap chain C containing Co- If G is a lower 
finite-gap family, then p(C) — p{G). 

Proof, (i) As G is p-complete, Cq is a p-complete chain in G, P(Cq) = p(Co) and 
s(Cg) = s(Co). The set Q of all p-complete chains C in G containing Cq, with 
p(C) = p(Co) and s(C) = s(Cq), is partially ordered by inclusion. Let {Ca}agA be 
a linearly ordered subset of Q. Then C = (UagaCa) p G Q. Hence Q is inductive. 
By Zorn's Lemma, Q has a maximal element C m . 

(ii) a) We only need to show that C is s-completc. Let Co ^ be a subset of 
C. If Co = {p (C )} then s(C ) = p(C ) G C . If C + {p (Co)} , set d = {Y e C: 
Z C Y for all Z G C }. As s (C) G C\, C\ is not empty. It follows that Z C 
p (Ci) G Ci for each Z G C . 

Assume that p (C\) ^ Co. As C is a lower finite-gap chain, there is Yo G C 
such that [To,p(Ci)]c is a gap. Hence Yo C\ and Y S i?o f° r some Z G Co, 
otherwise Y G Ci. Thus F § ^ p (Ci) , so that [F ,p(Ci)]c is not a gap. This 
contradiction shows that p (Ci) G Co- Hence s (Co) — p (Ci) . 

We also proved that C is completely ordered by 3. So it is anti- isomorphic 
to an interval [0,f3\ of transfinite numbers. Thus subspaces in C are indexed by 
transfinite numbers and C is a strictly decreasing transfinite sequence {Y a } a< p of 
closed subspaces ('strictly' means that Y a > ^ Y a if a' ^ a). 

b) Let C C d C [p(C),s(C)] G . Let Y G d\C. Then p(C) CyC S ( C ). The 
chain C = {Z G C: F C Z} is not empty, as s(C) G C, and p(C') G C, as C 
is p-completc. As C is a lower finite-gap chain and p(C') ^ p(C), there is Y G C 
such that [Yo,p(C')]c is a finite gap. Hence Y <£ C , so that Y ^Y ^ p(C'). Thus 
< dimy/Y"o < oo. This implies that C\ is a lower finite-gap chain. 

c) By (i), [p(C),s(C)]c has a maximal p-complete chain containing C. By (ii) a) 
and b), it is a complete, lower finite-gap chain. 

(iii) As G is p-complete, C p is a chain in [p(C),s(C)]c larger than C. As C is 
maximal, C = C p . By (ii) a), C is complete. 

(iv) As G is p-complete, p(G),s(G) G G. Consider the set Q of all lower finite- 
gap chains C in G containing Co and maximal in the interval [p(C),s(G)]c- By (ii) 
c), Q is not empty. It is partially ordered by inclusion. Let {Ca}asA be a linearly 
ordered subset of Q. By (iii), p(C A ) G C A . Set Y x = p(C x ), Y A = p{Y x : A G A} and 



chain; 
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Then Ca is a chain, C £ G\ and p(C\) =Y\E Ca- Each V € C A , V ^ Ya, lies in 
some Cx.UYx^V eC x , there is W £ Ca such that W C V and < dim (V/W) < 
oo. If V = Y\ ^ 1a, there is £ A such that V £ C\ 5 C^ and F 7^ F M . Hence, as 
in the previous case, there is W £ C p such that W CV and < dim < 00 • 

Thus Ca is a lower finite-gap chain. 

Let us show that Ca is a maximal chain in [Y\,s(G)]g- If not, then there is 
V <£ C A , V £ [Y A ,s(G)] G such that C A U V is a chain. As F A g y; there is A 6 A 
such that Y\ £ V. Then Ca U V is a chain in [Ya,s(G)]g larger than Ca- This 
contradiction shows that the chain Ca is maximal in [Y\,s(G)]g- 

Clearly, Ca < C for each majorant C of {Ca}a<eA in Q. Thus each linearly 
ordered subset of Q has a supremum in Q. By Zorn's Lemma, Q has a maximal 
element C which is a lower finite-gap chain containing Co and maximal in the 
interval [p(C),s(G)] G . 

Let G be a lower finite-gap family. If p (C) ^ p(G) then, as G is a lower finite- 
gap family, there is W £ G such that W ^ p(C) and dim(p(C)/W / ) < 00. Choose 
a finite maximal chain Ci in [W, p(C)]c- Then the chain C U Ci belongs to Q and 
larger than C — a contradiction. Thus p (C) = p(G). □ 

Theorem 6.6. A p-complete family G of closed subspaces of X is a lower finite- 
gap family if and only if there is a maximal, lower finite-gap chain C in G with 



<= Let a chain C satisfy the conditions of the theorem and let p (G) ^ Z E G. 
We need to show that there exists Y\ C Z such that < dim(Z/Y~i) < 00. It 
is evident if Z £ C. Let Z £ C. The chain C\ = {Y £ C: Z C Y} is not empty 
because at least s (G) £ C\. Clearly, Z C p (d). As p (Ci) p(G) = p(C), there is 
a subspace F in C with < dim(p (Ci) /Y) < 00. Hence, by Lemma [67T1 Y\ = YC\Z 
has finite codimension in Z. Since Y £ C\, this codimension is non-zero. As G is 
p-complete, Y% = p({Y, Z}) £ G. Thus G is a lower finite-gap family. □ 

We will show now that complete, lower finite-gap families of subspaces of X 
induce complete, lower finite-gap families of subspaces on closed subspaces of X. 

Corollary 6.7. Let G be a p-complete, lower finite- gap family of closed subspaces 
of X. Then G D W := {Y (1 W : Y £ G} is a p-complete, lower finite-gap family, 
for every closed subspace W of X . 

Proof. We have p(G n W) = p(G) n W. If Y n W = p(G) n W for all Y £ G, then 
G D consists of one element and our corollary holds. 
Let Z £ G be such that 



Set Gi = {T £ G: T n W = Z n W}. Then p(Gi) £ G and p (Gi ) !1W — Z !1W ^ 
p(G) n Hence p (G) C p(Gi) £ G±. As G is a lower finite-gap family, there is 
Y £ G such that Y~ C p (Gi) and < dim(p (d) /Y) < 00. Replacing in Lemma 
O X by p (Gi) and Z by p (d) n W, we get that Y n (p (Gi) n W) = F n has 
finite codimension in p (Gi)fW = Zf\W. As V £ G\Gi, we have FnlF C ZnlF. 
Thus < dim (Z n W) / (Y C\ W) < 00. This means that GfW is a lower finite-gap 
family. 

As the family G is p-complete, it follows that the family GC\W is also p-complete. 



Note that if G is a lower finite-gap family of closed subspaces, G p is not neces- 
sarily a lower finite-gap family. For example, the family G of all subspaces of finite 
dimension in A is a lower finite-gap family and G p = GU X is not a lower finite-gap 
family. 



p(C) =p(G) ands{C) =s(G). 




znHVp(G)rw. 



□ 
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Proposition 6.8. Let G = UasaGa where each G\ is a p-complete, lower finite- 
gap family of closed subspaces of X . If X £ G\, for all A G A, then G v is a lower 
finite-gap family. 

Proof. Let FeC and p (G) C y. Then y = p (G") for some ^ G' g G. Set 
Ta = G A \(G' n G A ) for each A G A. Then G\G' = U A r A and 

p (G) = p (G\G') n p (G') = (n AeA p (r A )) n Y = n AeA (p (r A ) n y). 

Hence p (T\) D Y ^ y for some A. Thus 

P (G A n Y) = p(G A ) n y - p(r A ) n (p(G' n G A ) n y) = p(r A ) n y ^ y. 

By Corollary 16.71 Ga flF is a lower finite-gap family and, as X G Ga , we have 
y = XnyeG A ny Hence there is Z G Ga such that < dim (Y/(Z n y)) < oo. 
As 2 n y G G p , it follows that G p is a lower finite-gap family. □ 

We need now the following auxiliary result. 

Lemma 6.9. Let {X\ : A G A} be a family of closed subspaces of a separable 
Banach space X. 

(i) If HagaA'a = {0} then there is a sequence {A„ G A : n G N} such that 

n ~ A = {0}. 

(ii) If X^AeA — A' i/ien i/iere is a sequence {A„ G A : n G N} such that 

Proof, (i) For each A G A, set Ha = {/ G X*: \\f\\ < 1, /(a) = for all x G X x }. 
Then W = Ua^aHa is a subset of the unit ball B of X* . As X is separable, B is a 
separable metric space in the weak* topology (see [Schl Section 4.1.7]). Hence W 
has a weak* dense sequence {/„: n G N}. It follows that 

n„ker(/„) = n /evv ker(/) = n A Ar A = {0}. 

Choosing an index A„ such that /„ G Ha for each n, we get H^JLjXa C n„ ker(/ n ) = 
{0}. 

(ii) Set E — UagaA'a- Then X is the closed linear span of E. As E is separable, 
it has a dense sequence {x n : n G N}. Choosing A„ such that x n G A"a„ for each n, 

^ get Y.n=i x ^ = x - a 

Theorem 6.10. Let G be a family of closed subspaces of finite codimension in 
X. Then there is a maximal, lower finite-gap chain C of subspaces in G p with 
p(C)=p(G) and s{C) = s(G). 

Suppose that the quotient spaces (G) /p (G) is separable and infinite- dimensional. 
Then there are subspaces {Vfe}?^ in G such that their finite intersections Y n — 
fl^ =1 Vfc together withs(G) form a decreasing complete, lower finite- gap chain be- 
tween s (G) and p (G) = n£° =l y„. 

Proof. The existence of the chain G follows from Lemmas 16.31 and 16.51 

Let s (G) /p (G) be separable and infinite-dimensional. First assume that s (G) = 
X and p (G) = {0}. By Lemma 16.91 there is a sequence {Wi} in G such that 
n^Wi = {0}. Taking a subsequence, if necessary, one can assume that ^ 
W n nW n ^ ... ^ C\ n k=l W lk + ... and n^ =1 W ik = n^H^. Setting 14 = W lk for 
every fc, we get the required sequence. 

The general case can be reduced to the above one if we take s (G) /p (G) instead 
of X. By the above, we can find a required sequence {V-} for the family G' = 
{V/p (G): V G G}. Taking the preimages of V- in s (G), we obtain the required 
sequence. □ 
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Let G be a p-complete family of closed subspaces of X and s(G) = X. By Lemma 
16.51 G has a maximal, lower finite-gap chain C with s(G) = X. Let Gf be the subset 
of G that consists of all F G G such that there is a p-complete, lower finite-gap 
chain C Y with s(C Y ) = X and p(G y ) = Y. Set 

(6.1) A G = p(G f ). 

Theorem 6.11. (i) T7ie subset Gf of G is a lower finite- gap family. 

(ii) Ac = p(G) /or eac/i maximal, lower finite-gap chain C in G withs{C) = X. 

Proof. Let C, C' be maximal, lower finite-gap chains in G with s(C) = s(G') = X. 
Set F = p(G) and Z = p(G'). Then Y, Z G G. By Corollary 15771 G n Z = {U D Z: 
U G G} is a p-complete, lower finite-gap chain in Z. Suppose that Z <t. Y. Then 
s(C n Z) = Z, as X G G, and p(G n Z) = F n Z ^ Z. Hence G' U (G n Z) is a 
p-complete, lower finite-gap family larger than C' — a contradiction. Therefore 
Z C F. Similarly, F C Z. Thus Y = Z. This immediately implies (ii). 

If Y G Gf and Y ^ Aq then the chain Cy is not maximal. By Lemma 16.51 
there is a maximal, lower finite-gap chain G in G with s(G) = X that contains Cy. 
Hence there is a subspace Z G G such that Z 5 F and dim F/Z < oo. As Z U Gy 
is a p-complete, lower finite-gap family, Z G Gf. This proves (i). □ 

Note that G may have many different maximal, lower finite-gap chains starting 
at X. However, they all end at the same subspace Aq. 

Let L be a Lie algebra of operators on a Banach space X. The set Lat L of all 
closed subspaces of X invariant for all operators in L is p-complete. Let Lat c fL — 
{F G Lat L : Y has finite codimension in X}. Then Lemma HTB1 and Theorems l6.10l 
and 16.111 yield 

Corollary 6.12. (i) There is a subspace Al G Lat L such thatp(C) = A^ for each 
maximal, lower finite- gap chain C of invariant subspaces of L with s(C) — X, and 
A l has no invariant subspaces of finite codimension. If Lat L is a lower finite-gap 
family then A^ = {0}. 

(ii) If X is separable then there is a sequence {F„}^L of subspaces in Lat c fL 
such that ...F n+ i C F n C ... C Fq = X and n n F„ = p(Lat c fL). 

Definition 6.13. Let G and G' be families of closed subspaces of X. Then G is 
called a lower finite-gap family modulo G' if, for each Z inG, Z ^ p(GUG'), there 
isY G G U G' such that Y C Z and < dim(Z/F) < oo. 

Combining this definition and Definition 16.21 we obtain 

Lemma 6.14. Let G and G' be families of closed subspaces of X. If G is a lower 
finite-gap family modulo G' and G' is a lower finite-gap family, then G U G' is a 
lower finite-gap family. 

6.2. Preradicals corresponding to finite-dimensional Lie subalgebra- multi- 
functions. For a Banach Lie algebra C, the sequences {£[™ +1 l} and {£r n+ i]} of 
closed characteristic Lie ideals 

(6.2) £W = C l0] = C, = [£,£M] an d C [n+1] = [C [n] ,C [n] ], 

for n G N, decrease; C is nilpotent, if = {0} for some n, and solvable if £ui = {0} 
for some n. 

Denote by £ f the class of all finite-dimensional Lie algebras and by L the sub- 
category of L of all such algebras. As in (13.31) — p.5[) and Definition 13.41 we define 
lower stable, upper stable and balanced preradicals, under radicals, over radicals 
and radicals on L f . 
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For C G £ f , denote by rad (£) its maximal solvable Lie ideal. The map rad: 
L G £ £ rad (£) is a radical in L f . A Lie algebra £ is called semisimple if it is 
rad-semisimplc; C is semisimple if and only if it is a direct sum of simple algebras. 
We preserve this terminology when dealing with finite-dimensional subalgebras of 
Banach Lie algebras. 

Each C 6 £ is the semidirect product (Levi-Maltsev decomposition) of a semisim- 
ple Lie subalgebra Nc (uniquely defined up to an inner automorphism) and the 
largest solvable Lie ideal rad(£) 

(6.3) C = N c © ad rad (£) . 

Recall that if L is a Lie subalgebra-multifunction or ideal-multifunction on £ 
then, for each L £ £, F£ is a family of closed Lie subalgebras (ideals) of C. In the rest 
of this subsection we will consider the following four Lie subalgebra-multifunctions 
F on £: 

1) A scm : each family A^" 1 consists of all finite-dimensional semisimple Lie 
subalgebras of £; 

2) I scm : each family I^ 111 consists of all finite-dimensional semisimple Lie ideals 
of C; 

3) I so1 : each family I^? 1 consists of all finite-dimensional solvable Lie ideals of 

4) I fin : each family I^ 11 consists of all finite-dimensional Lie ideals of C. 

We will study the corresponding radicals and describe their restrictions to L f . 

Proposition 6.15. (i) The Lie subalgebra-multifunctions F : A scm , F cm , F o1 , I fin on 
£ are strictly direct and lower stable {see Definition ^ A\ . so that the corresponding 
maps Sr are lower stable preradicals. 

(ii) The multifunctions T : A sem and F cm are balanced (see Definition ^. 4p . so 
that the corresponding maps Sr are under radicals and Si**** < Sa*"™ 1 ■ 

Proof, (i) Let / : C — > A4 be a morphism in L and let L be a finite-dimensional 
Lie subalgebra of C. Then f(L) = f(L) is a finite-dimensional Lie subalgebra of 
A4. If L is a Lie ideal of £, then f(L) is a Lie ideal of / (£). As / (£) is dense in 
M, f(L) is a Lie ideal of M. 

If L is solvable, f(L) is solvable. If L is simple, / (L) is either {0} or simple. If L 
is semisimple, it is a finite direct sum of simple Lie algebras. Hence / (L) is either 
{0} or a semisimple Lie subalgebra of M.. This shows that all multifunctions are 
strictly direct. By Proposition 15. 3[ all Sr are preradicals. 

Set I c = S r (C) = s(T c ). If L 6 T Cl it follows from (g^J that L C I c . Hence 
L G Tj £ . Thus Tc Q Tj^ , so that all multifunctions are lower stable (see Definition 
15. 4[) . By Thcorcm l5.5r i'l. all preradicals Sr are lower stable. 

(ii) Let I < £. If T = A scm then r, C T £ . Let T = I scm and J be a semisimple 
Lie ideal of /. Then J = [J, J] . By Lemma I2.4f iii) , J is a characteristic Lie ideal 
of I and, by Lemma l2~4"lX j. J is a semisimple Lie ideal of C. Hence Tj CT£. Thus 
the multifunctions A som and I sem are balanced. Hence, by Theorem 15. 5f ii). all Sr 
are balanced. Thus they are under radicals. Clearly, Spem < Sa""" 1 - □ 

Combining this with Theorems 14.61 and 14.81 yields 
Corollary 6.16. (i) IfT = A som or Y = I scm then the map S r is a radical. 

(ii) IfT — I fin or r = I so1 then the map Sf< is an under radical and (Sf)* is a 
radical. 

Corollary 6.17. (i) A Banach Lie algebra C is Sj„ m -radical (respectively, Sfsem- 
radical) if and only if, for each closed proper Lie ideal I of C, the quotient C/I 
contains a finite-dimensional semisimple Lie subalgebra (respectively, ideal). 
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(ii) If £ is an SJ,™ -radical or an S^am -radical, then £ = [£,£]. 

Proof. Part (i) follows from Theorem 15. 6f i) and Corollary 16. 16f i). 

(ii) If [£, £] ^ £ then £ is not S Asem -radical (or S*sem -radical) because the algebra 
£/[£,£] cannot contain semisimple subalgebras (see (i)). □ 

Let £ G £ f . Then £[k+i] = £[k] for some k. Set 
(6.4) <p(£) = n£ [fe] . 

The next theorem describes the restriction of the preradical Sa^™ to L f . 

Theorem 6.18. (i) The restriction of Sa™™ to L f is a radical. 

(ii) For each £ G £ f , Sa=™ (£) = *P (£) nnd *^ *s ^2ie smallest characteristic 
Lie ideal of £ that contains all Levi subalgebras Nc (see (|6.3p ). 

(iii) A Lie algebra £ G £ f is S a*"™ -semisimple if and only if £ is solvable. 

Proof, (i) Set V = A scm and I c = S r (£) = s(T c ). By Proposition S r is an 
under radical. If Sr|L-^is not a radical, s(r£/ /c ) = Sr{£/Ic) {0} for some £ G £ f . 
Hence £//£ contains a semisimple Lie subalgebra M ^ {0}. Let q: £ — > £/Ic 
be the quotient map and L — q^ 1 (M). Let L = Nl + rad (L) be the Levi-Maltsev 
decomposition, where Nl is a semisimple Lie subalgebra of £. As Nl C 7/;, we 
have that 217 — q (L) = q (rad (£)) is solvable, a contradiction. 

(ii) Let J be the minimal characteristic Lie ideal of £ that contains some Levi 
subalgebra Nc- Since Nc G T£, we have Nc Q s(Tc) = Ic- As Ic is a characteristic 
Lie ideal, J Q Ic- Let M be a semisimple Lie subalgebra of £. By |Bo[ Corollary 
1.6.8.1], there is a; in £ such that exp (ad (x)) (M) C JV]c- As J is a characteristic Lie 
ideal of £, M C exp (ad (—x)) (Nc) Q exp (ad (—x)) J C J. Hence all semisimple 
Lie subalgebras of £ lie in J. Therefore Ic Q J- Thus Ic = J- 

As iVc is semisimple, Nc = [Nc,Nc] , whence Nc C £j 2 ]. Similarly, 2V/; C £[„] 
for all n, so that iV^ C *p (£). As all £[ n ] are characteristic Lie ideals of £, *p (£) 
is a characteristic Lie ideal of £ that contains 2V/;. Hence Ic Q (£)■ As 5r is a 
radical, Sr{£/Ic) — {0}- Hence, by the definition of Sr, £/Ic has no semisimple 
Lie subalgebras. Thus £/Ic is solvable. Therefore *p (£) = £;u C J/;. 

Part (iii) follows from the fact that {0} = Sr (£) = £\k] for some k. □ 

Theorem 6.19. (i) For each £ G £ f , Sp™ (£) is t/ie largest semisimple Lie ideal 
of£- 

(ii) The restriction of Sp<™ to L f is a hereditary radical (see 1|3.6[) ). 

Proo/. (i) Set T = 7 som . Let £ G £ f , let 7 < £ and J <\ £. If J is simple, then 
either J = I or J P\ I = {0}. If J C J and 7 is semisimple, then 7 = 7i + ... + 7„, 
where all {7;} are simple Lie ideals of 7, and J coincides with one of 7j. As all 
7, = [7j, 7j], we have from Lemma YTM iii) that all 7^ are simple Lie ideals of £. Let 
{Ij}JLi be the set of all simple Lie ideals of £. It follows from the discussion above 
that K = I\ + . . . + I m is the largest semisimple Lie ideal of £ and it contains all 
semisimple Lie ideals of £. Hence Sr (£) = s(r,c) = K. 

(ii) As in Theorem I6.18f i). one can prove that Sr|L f is a radical. Let 7 < £. 
Then Sr (I) is the largest semisimple Lie ideal of 7. As Sr (/) is a characteristic Lie 
ideal of 7, by Lemma EOT i'). Sr (7) is the largest semisimple Lie ideal of £ contained 
in 7. Therefore Sr (/) Q Sr (£) n 7. As Sr (£) D 7 is a Lie ideal of the semisimple 
Lie algebra Sr (£) , it is semisimple. Hence Sr (£) n 7 is a semisimple Lie ideal of 
7. By (i), S r (£) n 7 C S r (/) . Thus S r (£) n 7 = S r (I) , so that S r is hereditary 
on L f . □ 

To see an example that distinguishes the radicals SA=<= m |L and Sp<= m |L f , consider 
the semidirect product £ = sl(X) © ld X, where X is a finite-dimensional space and 
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sl(X) the Lie algebra of all operators on X with zero trace. It has no semisimple 
ideals, so that I^ 111 = and Spem(,£) = {0}, while SA sem (£) — £ because the only 
ideal that contains the semisimple Levi subalgebra sl(X) © ld {0} is £ itself. 
We call the restriction of Sa 30 ™ to L f the Levi radical and denote it by i?Lcvi: 

-^Levi = SA som |L • 

It is not hereditary. Indeed, let L £ L be semisimple and let ir be an irreducible 
representation of L on a finite-dimensional space X. Then £ — L X (see (|3.9|) ) 
is a Lie algebra and / = {0} ® v X is a Lie ideal of £. It is easy to see that *$(£) = £ 
and q3(J) = {0}. Hence, by Theorem HHSJii) , R Lcvi {£) = £ and i? Lovi (I) = {0}. 
Thus i? Lcvi (/) ^ J?Levi(£) D I = I (see (EU). 

6.3. Some extensions of classical radicals. In this section we consider some Lie 
ideal-multifunctions T on £ related to commutative and solvable ideals. Although 
they generate different preradicals Sr, the preradicals S T corresponding to them 
(see (HHI])) often generate equal radicals that extend the classical radical rad on 
L f . 

We start with the multifunction I so1 defined above and the multifunction "Abel" : 

Abel = {Abel £ } £e£ , 

where Abelc is the family of all commutative Lie ideals of £. As in Proposition 
I6.15f i). we have that Abel is a strictly direct and lower stable multifunction (see 
Definition I5.4[l . so that SAbci is a lower stable preradical in L. Hence S Abol is an 
under radical (Theorem H^i)) and (Sam)* * s a radical (Corollary 14.9( 1)). 

Theorem 6.20. (i) Sem(Sp Q i) = Sem(S Abol ) and £ belongs to them if and only 
if £ has no non-zero commutative finite-dimensional Lie subideals. 

(ii) The map K : £ t— > K (£) = Centre (£) , for each £ G £, is a lower stable 

preradical and (S^i)* = (S s Ahcl )* = (K s )* . 
(hi) (Si bel )*|L f = rad. 

Proof, (i) If J is a Lie subideal of I and I is a Lie subideal of £, then J is a Lie 
subideal of £. 

By (gUP , £ e Sem(i? s ) for a preradical R, if and only if Sub(£,i?) = {{0}}, 
that is, 

(6.5) / = {0} is the only Lie subideal of £ satisfying / = R(I). 

Let L = {r£},c e £ where each family T c — {J: J <\ £ and J has some property 

J5.3t 

T}. Let R = Sr, so that R(£) = s(Tc)- Then (|6.5p is equivalent to the following 
condition: 

(6.6) £ has no Lie subideals that have property T. 

Indeed, let (|6.6[) do not hold and let / ^ {0} be a Lie subideal of £ that has 
property T. Then / g T/, so that {0} ^ / = s(T/). Conversely, let / ^ {0} be a 
Lie subideal of £ such that / = s(r,r). Then Tj ^ {{0}}, so that / has a Lie ideal 
J ^ {0} that has property T. As J is a Lie subideal of £, (|6.6p does not hold. 
Thus £ € Sem (S' Abcl ) if and only if £ has no non-zero Lie subideals which are 
finite-dimensional and commutative. Similarly, £ E Sem(S'p 0l ) if and only if £ 
has no non-zero Lie subideals which are finite-dimensional and solvable. 

Let us show that £ has a finite-dimensional solvable Lie subideal Y ^ {0} if 
and only if it has a non-zero finite-dimensional commutative Lie subideal. As 
Z = [Y, Y] is a nilpotent Lie ideal of Y, it is a Lie subideal of £. If Z = {0} then 
Y is a commutative Lie subideal of £. If Z ^ {0} then Z has a non-zero center 
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which is a commutative Lie subideal of £. The converse statement is obvious. This 
implies Sem(5p 0l ) = Sem(S'^ bcl ). 

(ii) If £ € £ then [if (£),£] = {0}. If /: £ — > M is a morphism in L, then 
[/(if (£)),/(£)] = /([if (£),£]) = {0}, whence /(if(£)) C if(M). Thus if is a 
preradical. As if (£) is commutative, if (if (£)) = if (£), so that if is lower stable. 

By (|6.5[) . £ € Sem(if s ) if and only if I = {0} is the only Lie subideal of £ 
satisfying I = K(I). From the definition of if we have that this is possible if 
and only if {0} is the only commutative Lie subideal of £. It means, in turn, 
that {0} is the only finite-dimensional commutative Lie subideal of £. Hence, 
by (i), Sem(5j SOl ) = Sem(S^ bol ) = Sem(if s ). Applying Theorem 1431 we have 
Sem((5 I s sol )*) - Sem((Si bol )*) - Sem ((if . As (S* o1 )*, (SJ bel )* and (if s )* 
are radicals, we have from Corollary 13.81 that (<Sp 0j )* = (S% hcl )* = (if 8 )*. 

(hi) Let £ £ £ f . Note that rad(£) = {0} if and only if £ has no non-zero 
commutative Lie ideals. Indeed, if rad (£) ^ {0} then J = [rad (£) , rad (£)] is a 
nilpotent Lie ideal of £. If J = {0} then rad(£) is a commutative Lie ideal of £. 
If J 7^ {0} then J has a non-zero center which is a commutative Lie ideal of £. 
Conversely, let rad(£) = {0}. Since rad(£) is the largest solvable Lie ideal, L has 
no non-zero commutative Lie ideals. 

By the above argument and by Lemma L £ Sem (rad) if and only if C has no 
non-zero commutative Lie subideals. Hence, by (i), Sem (rad) = Sem(S , ^ bcl |L f ). 
From Theorem 14.51 it follows that 

Sem (rad) - Sem(51 bol |L f ) - Sem((Si bol )* |L f ). 

Since (^Abci)* anc ^ ra d are radicals, we have from Corollary 13.81 that 

(Sl bel )*|L f = rad. 

□ 

F. Vasilescu jV] extended the notion of the classical solvable radical to infinite- 
dimensional Lie algebras C in the following way. He called a Lie ideal J of £ 
primitive if 

(6.7) [A, A] c J A c J, 

for any Lie ideal A of C. This is equivalent to the condition that Lj J has no abelian 
Lie ideals. If L is finite-dimensional, this condition means that £,/ J is semisimplc, 
so that in our terms (see Definition I3.9[) J is rad- absorbing. Denote by Rc the 
intersection of all primitive Lie ideals of C. It was proved in jV] that Rc — rad(£) 
if C is finite-dimensional. Applying this to Banach Lie algebras C and denoting 
by Rc the intersection of all closed primitive Lie ideals of £, one obtains an upper 
stable preradical on L. However, it is not clear whether this preradical is balanced 
and lower stable. The main obstacle is that we don't know whether a Banach Lie 
algebra, whose Lie ideal has a non-zero commutative Lie ideal, has itself a non-zero 
commutative Lie ideal. 

To avoid this difficulty let us change the definition of the radical as follows. We 
call a closed Lie subideal (ideal) J of a Banach Lie algebra C primitive, if the 
implication (|6.7[) holds for any Lie subideal A of C. Set 

Pv{£) = H {J- J is a closed primitive Lie ideal of £}, 

(6.8) Iv{£) = H {J- J is a closed primitive Lie subideal of £}. 

Lemma 6.21. Py(£) is a characteristic primitive ideal and Py(C) = iy(£). 

Proof. Pv(£) is a closed Lie ideal of C. If A is a Lie subideal of £ and [A, A] C 
Py(£), then [A, A] C J for each primitive ideal of £. Hence A C J, so that 
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A C Pv(C). Thus Py(£) is primitive. A similar argument shows that 7y(£) is a 
closed primitive subideal of C. 

Clearly, 7y (£) C Py (£) . Each bounded isomorphism of £ maps Lie subideals of 
£ into Lie subideals and primitive Lie subideals into primitive Lie subideals. Hence 
7y(£) is invariant for all bounded isomorphisms of £. Therefore, by Lemma [2.21 
7y(£) is a characteristic Lie ideal of £. Thus 7y(£) is a closed primitive Lie ideal 
of £. By (ESI), P V (C) C I V (C), so P V (C) = 7y(£). □ 

In the same way as Vasilescu's radical coincides with rad in the category L f of 
all finite-dimensional Lie algebras, Py also coincides with rad in L f . 

Lemma 6.22. Py(£) — rad(£) if £ is finite-dimensional. 

Proof. Note first that rad(£) is a primitive Lie ideal of £. Indeed, let A be a 
subideal of £ and let [A, A] C rad(£). Then [A, A] is a solvable Lie algebra, whence 
A is a solvable Lie algebra. Let A < Ai < A 2 <J ... < A„ < £. As rad is a radical, 
A = rad(A) C rad(Ai) C ... C rad(£). Thus rad(£) is a primitive Lie ideal of £. 
Hence, by ([6T5]>. Py(£) C rad(£). 

To prove the lemma, it remains to establish the converse inclusion. Let J = 
rad(£) and let J^j 3 Jpj 3 ... D J[„] C J[„ + i] = be the Lie ideals of £ defined 
in (|6.2[) . As [J[„], J[„j] = J[ n +i] — {0} C Py(£) and as -FV(£) is primitive, we 
have Jr n i C Py(£). Proceeding in this way, we obtain that J[ n -i] C Py (£),..., and 
finally J C Py(£). Thus rad(£) = P v {£). □ 

Our aim is to show that Py is an over radical on £ and that the corresponding 
radical P v coincides with (^Abei)*- 

Proposition 6.23. Py is an over radical on £. 

Proof. Let / : C —> Ai be a continuous homomorphism of Banach Lie algebras and 
/(£) = A4. Then f(A) is a closed Lie ideal of A4, for each Lie ideal A of C, which 
implies that f(A) is a closed Lie subideal of M. if A is a Lie subideal of £. 

Let 7 be a closed primitive Lie ideal of A4. Then J := / _1 (7) is a closed prim- 
itive Lie ideal of C. Indeed, if A is a Lie subideal of C with [A, A] C J, then 
[/(A), /(A)] C P Hence /(A) C 7, so that A C J. By fO]) . P v (£) C J, so that 
f(Py(C)) C 7. Thus f(Py(C)) is contained in all closed primitive Lie ideals of A4, 
so that f(Py(C)) C Py(A^). Therefore Py is a preradical. 

Let 7 be a closed Lie ideal of £. If A is a Lie subideal of 7 and [A, A] C inPy (£), 
then A C Py(C) because Py{£) is primitive. Thus A C 7nPy(£), so that 7nPy (£) 
is a primitive ideal of 7. This implies that Py (7) C 7 n Py(C). We proved that the 
preradical Py is balanced. 

Let q: C — > C/Py(C) be the quotient map. If K is a commutative Lie subideal 
of C/P V (C), then F := q- x (K) is a Lie subideal of C and [F,F] C P y (£). As 
Py(C) is primitive, P C Py(£), so that 7f = {0}. Thus {0} is a primitive Lie ideal 
in £/Py{£) whence Py(C/P v (C)) = {0}. Thus Py is upper stable. □ 

Theorem 6.24. The radicals (S% hcl )* and P v coincide. 

Proof. Since Py is an over radical, P v is a radical by Theorem I4.6f ii). Therefore, 
by Corollary 13. 81 it suffices to show that Sem(P y ) = Sem(S s Ahcl )* . By Theorem 
16.201 C £ Sem(S'^ bol )* if and only if C has no non-zero commutative Lie subideals. 
If this condition is fulfilled, then {0} is a primitive ideal of C, so that Py(£) = {0} 
and therefore Py(C) — {0}. We have to show the converse: if Py(C) = {0} then C 
has no commutative subideals. 

It follows from (|6.7[) that if A is a commutative Lie subideal of £, then A is 
contained in each primitive Lie ideal of £, so that A C Py(£). Furthermore, A is 
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a commutative Lie ideal of Py(£). Hence, as above, A C P V (P V (C)). Arguing in 
this way, one easily shows that A C Py(£) for each ordinal a, whence A C Py(C). 
As P V (C) — {0}, we get A — {0}. □ 



Consider the map D: £ i — > [£, £] = £[i]- Then D n (£) = [£[„],£[„]] = £[n+i] 
for each n € N. Defining D a (£) as in (]4.5[) for each ordinal a, we obtain the 
P-superposition series {D a (£)} — a transfinite analogue of the derived series of 
£, and define D° as in SZM. Set 



(6.9) P = D°. 

Theorem 6.25. (i) D is an over radical and T> is a radical in L. 

(ii) For each C £ £, T> (£) is the largest T> -radical Lie ideal of C; in other words 

it is the largest of all Lie ideals I of £ satisfying I — [I. I]. 
(hi) The restriction ofT> to L f coincides with i?Levi- 



Proof, (i) For every £ £ £, / (£[i]j = ■Mp.l f° r each morphism /: £ — » in L and 
F(I) = /[i] C £[!] = £>(£) for each I < C. Also £>(£/£>(£)) = (£/£ [1] ) [1] = 0. 
Hence D is a balanced upper stable preradical. Thus D is an over radical. By 
Theorem 14. 6f ii). D° — T> is a radical. 

(ii) Since Pisa radical, P (!>(£)) = £>(£)• Thus 2? (£) is P-radical. On the 
other hand, the condition I = T>(I) implies I — T> (I) CD (£). 

(hi) By Theorem KM ii) and ([6^]) . i? L ovi(£) = *P(£) = 2?(£) for each £ G 
I/. □ 

As i?Lcvi is not a hereditary radical, P is not hereditary too. 
Consider the Lie ideal-multifunction C = {Cc} on £ such that each family 
Cc consists of closed characteristic Lie ideals {£[ q 1} q , where £W — £[ a+1 l = 

[£,£["]] for each ordinal a, and = ri a > <a £^ a ' for limit ordinal a. The series 
{£[")} is a transfinite analogue of the lower central series of £. As in (|5.3[) . set 

Pc(£) = p(C £ ) = n Q £H 

Theorem 6.26. Pq is an over radical and P£ — T>. 



Proof. By induction and by (|4.4[) . / (£H) C for every morphism / : £ — > M 
in L. Hence, by (|4.4I) . Pc is a preradical. For each I < £ and a, C £[ Q 1. Hence 
Pc is balanced. 

Set I — Pq (£) . By induction, it is easy to see that (£//)'"' C £[ Q 1 /J, whence 
P C (£//) - n a (£//)M C n Q (£H//) = P c (£)/7 = /// = {0}. 



Thus Pc is upper stable. Hence Pc is an over radical and, by Theorem 14.61 Pq is 
a radical. 

By Corollary [3j2n) , to prove the equality P£ = T) it suffices to show that 
Rad (P£) = Rad (V). As P c and D are balanced, it follows from Theorem EM}) 
that we only need to show that Rad (Pc) = Rad (D) which is obvious, as £ belongs 
to any of these classes if and only if £ = [£, £]. □ 

7. FRATTINI RADICAL 

The Frattini theory of finite-dimensional Lie algebras £ studies the structure of 
maximal Lie ideals and maximal Lie subalgebras in £. To extend it to Banach Lie 
algebras, one can introduce multifunctions S™ ax and J™ ax , where S™ ax (respectively, 
J™ ax ), for each £ e £, is the family of all maximal proper closed Lie subalgebras 
(respectively, Lie ideals) of £. It can be shown that Pgm-x and Pjmax are upper 
stable preradicals on L. However, this approach encounters serious obstacles and 
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has not given, so far, any further interesting results. For example, we do not know 
whether the preradicals Pgmax and Pjm.x are balanced. 

As we will see further, a substantial theory can be developed if, instead of all 
maximal Lie subalgebras (ideals) , one considers maximal Lie subalgebras and ideals 
of finite codimension. 

Let us consider the following four Lie subalgebra-multifunctions on £: 

1) 6 = {&c}ce£ where &c consists of all proper closed Lie subalgebras of 
finite codimension in £; 

2) @ max = {6™ ax }£ e £ where 6™ ax consists of all maximal proper closed Lie 
subalgebras of finite codimension in £; 

3) 2 = {3c}ce£. where consists of all proper closed Lie ideals of finite 
codimension in £; 

4-j ^max _ |^max| £e£ where 3™ ax consists of all maximal proper closed Lie 
ideals of finite codimension in £. 
Proposition 7.1. Let T be any of the multifunctions (3, 6 max ; J ? jmax an( ^ ^ 
/ : £ — > M be a morphism in L. If K £ Y m then 

Proof. Since if is a proper closed subspace of finite codimension in M , it follows 
that F := / _1 (if) is a closed proper subspace of finite codimension in £. Clearly, 
F is a Lie subalgebra, it is a Lie ideal if if is a Lie ideal. 

We claim that F is maximal if if is maximal. Indeed, let L C £ be a maximal 
proper closed Lie subalgebra (ideal) containing F. Note that L = / _1 (/(L)) be- 
cause / _1 (0) C F C L. By Lemma RTT1 f(L) + if is a closed Lie subalgebra (ideal) 
in M. If if is maximal then either f(L) C if or f(L) + K = M.. In the first case 
L C /~*(if) = F. As L is maximal, F — L and F is maximal. In the second 
case /(£) C M = f(L) + if, whence £ C f- l {f(L)) + f~ l (K) = L + F = L, a 
contradiction. □ 

Remark 7.2. If / is onto then, as above, L G Tc implies / (L) G F^vi U {.M}. 
Thus 

(7.1) r w c{/(L):ier £ }c{M}ur M . 

Recall (see (|4.1[) . (|5.3p ) that, for each family F of Lie subalgebras of a Banach 
Lie algebra £, 

(7.2) P r (C) = p(r) = n Ler L, if F ^ 0; and P r (£) = £, if F = 0. 
Theorem 7.3. P@, Pgmax, Pj, Pjmax are upper stable preradicals in L. 

Proof. Let T be any of the multifunctions 6, © max , 3, J max and /: £ -> M be a 

morphism in L. JfT M = then P r (-M) ^ X, so that /(P r (£)) C P r (-M). 
Let T M ^ 0. By Proposition EB F £ ^ and if x G Pr(£) = p(I\c) = n L, 

then 

K x ^ M riJ(r l (M))= M n M M = P r (M). 

This implies /(Pr(£)) C Pp(.M), so that Pp is a preradical. 

Let i = Pr(£) and q: C — > £/i be the quotient map. As I C i, for each i G I\c, 
we have 



{0} = q(P r (£)) = g ^ n^L 

= n q(L) ^ n M = PAC/I). 

LeTc MeTc/i 

Hence Pr is upper stable. □ 
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For a subset N of £, denote by Alg(TV) the closed Lie subalgebra and by Id (AT) 
the closed Lie ideal of £ generated by N. Let F be a family of proper closed Lie 
ideals of £. We say that a G £ is an ideal F -nongenerator if Id(7 U {a}) ^ £ for 
all 7 G F. If F is a family of proper closed Lie subalgebras of £, then a G £ is an 
F -nongenerator if Alg (7 U {a}) ^ £ for all 7 G P. 

Lemma 7.4. Lei £ be a Banach Lie algebra. Then Pgm.x (£) ?s £/ie sei of all 
6 C-nongenerators and Pjmax (£) is i/ie sei 0/ all ideal $£-nongenerators. 

Proof. As each L G ©£ is contained in some M G ©™ ax , the sets of ©£-nongenerators 
and £>£ ax -nongenerators coincide. If a ^ Pgmax (£) then a ^ 7 for some 7 G ©£ ax . 
Therefore Alg (L U {a}) = £ while L ^ £, so that a is not a ©^-nongenerator. 
Conversely, if b G Pgmax (£) then Alg (7, U {b}) = L ^ £ for all 7 G ©J^. Hence 6 
is a 6™ ax -nongenerator. 

The proof of the result for Pjmax (£) is identical. □ 

For dim (£) < 00 the above result was proved in [Tl Lemma 2.3] (see also [Bj 
1.7.2]). 

Lemma 7.5. Let J <\ £ and let L be a maximal proper closed Lie ideal of finite 
codimension in £. Then either J G L or L (~| J is a maximal proper closed Lie ideal 
of finite codimension in J. 

Proof. Let J £ 7. By Lemma EJ] (7 + J) < £. As 7 g 7 + J, it follows that 
I + J = £. Set K = L f) J. Then 7T 7^ J, TT is a closed Lie ideal of £ and, 
by Lemma 16.11 K has finite codimension in J. If 7T is not maximal Lie ideal 
of J, there is a maximal closed proper Lie ideal W of J containing 7T. Then 
[7 + W, £] = [7 + W, 7 + J] C 7 + W, whence 7 + VF is a closed Lie ideal of £. As 
7 is maximal, either L + W = I or I + W = £. 

If J + W = £ then (7 + W)nJ = 7nJ + W = £nJ = J which is impossible 
because K = 7 n J g W. Hence 7 + VF = 7, so that Ifcl. Thus W C I (~)J = K, 
a contradiction. □ 

Theorem 7.6. 7/ie preradicals Pg, Pe m ", Pj> Prjma* are balanced, so that they 
are over radicals. 

Proof. Let J <\ £. As Pgnm* is a preradical, it follows from Corollary 13.31 that 
P 6 m.,x (J) < £. Assume that Pgmax (J) £ 7 for some 7 G ©2? ax . Then 7 + 
Pgmax (J) is a Lie subalgebra of £ larger than 7 and, by Lemma [6.11 it is closed. 
As 7 is a maximal closed Lie subalgebra of £, L + Pgmax (J) = £. Hence there is 
a finite-dimensional linear subspace K of Pgmax (J) such that £ = L + K. 

Let {ei}VL x be a basis in TT. As K C J, we have J = (7 n J) + if. Then 
A7 = 7n J and all Lie algebras Mj = Alg (M U {ei, . . . , &;}) have finite codimension 
in J, so that M,Mi G 6j. By Lemma [7.41 all e* are 6j-nongenerators of J. As 
Alg (A7 m _i U {e m }) = J, we have M m _i = J. Repeating this m — 1 times, we 
obtain that M = J. Hence J C 7, so that Pgmax (J) C J C 7. This contradiction 
shows that Pgmax (J) C 7, for all 7 G 6 £ lax , so that Pgmax (J) C Pgmax (£) . Thus 
Pgmax is balanced. 

By Lemma 1731 3j ax U {J} tf{7 n J : 7 G aF"}^™^ (see (IfTTjl V 
For r = 6 or 3, the condition Tj U {J} cT{7 n J : 7 G F £ }c7r£ follows from 
Lemma 16.11 

This implies (see (JED) that P r (J) = p(r,/) C p(r £ ) = P r (£), for T = 3 max , 6 
and 3. □ 

Recall that £^ — £m = [£, £} ■ The following proposition extends to the infinite- 
dimensional case some results due to Marshall [Ml Lemma, p. 420, and Theorem, 
p. 422.]. 
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Proposition 7.7. Let C be a Banach Lie algebra and Zc be its center. Then 

(i) /Vax (£) C C {1] and C [x] n Z c C P e »** (£). 

(ii) //£ is solvable then £m — Pjmsx (£). 

(iii) IfC = I® J then P e »« (£) = P e »>- GO © Ps»** (J)- 

Proof, (i) Let I — C^y Then C/I is a commutative Banach Lie algebra. As each 
closed subspace of codimension one is a maximal closed Lie ideal of C/I, we have 
P ma X (C/I) = {0}. Hence, by Lemma Efti), P£n« (£) C J = £ w . 

Set J = P S max (£) . Let .M = C/J, Zj^ be its center and q: £ — > the quotient 
map. Then 

g (£ w n Z £ ) C g(£ [x] ) n q (z c ) c m w n 
and it suffices to show that Mm nZyvi = {0}. Assume, to the contrary, that Mm H 
Zjk contains a^O. By Theorem 17. 31 Pgmax is upper stable. Hence Pgm= (,M) = 
{0}, so that there is M G 6^f x such that a£ M. As a G Zm, we have [a, M] = 0, 
so that M + Ca is a closed Lie subalgebra of finite codimension in M larger than M. 
As M is maximal, M + Ca = M and M {1] = [M + Ca, M + Ca} = [M, M] C M. 
Hence a G M, a contradiction. Thus .Mm H Z_m — {0}. 

(ii) Let £ be solvable. For each J G 3x ax , the finite-dimensional Lie algebra C/J 
is solvable and has no non-zero Lie ideals. Hence dim (C/J) — 1, so that [£, £] C J. 
Thus £[!] = [£,£] C n ax J = P max (£). Using (i), we have C {1] = P 3 ma* (£). 

(iii) follows from Theorem 17.61 and Proposition 13 . 1 If ii) 1). □ 

By Theorem WM Pg, P@ ma x, P3, P^ma* are radicals. We will see now that they 
all coincide. 

Theorem 7.8. (i) For every Banach Lie algebra £, 

(7.3) P e (£) C P (£) C P e ,„ a x (£) C P^ (£) . 

T7iws P e < Pj < P e — < P3— ■ If&c^® then P 3 ma* (£) ^ £. 

(ii) TTie radicals Pg, P-j, Pg max and P^ max coincide. 

(iii) rf, e (£) < (£) < r|> emax (£) < r^ max (£) (see gSI), /or eac/i £ G £. 

Proof. We begin with the proof of the last statement in part (i). Suppose that 
&c 7^ 0- It follows from Theorem [231 that Zc ^ 0, whence 3™ ax / 0- Hence 

P,max (£) £ C. 

If 6£ lax = 0, then a£ ax = 3 £ = &c = 0, and it follows from (JUTJ and 
that Pr(£) = p(r^) = £, where F is any of these multifunctions. Hence in this 
case (|7.3p holds. 

Let 6g ax ^ 0. Then 6 £ 7^ and, by the above, Pjma* (£) ^ £. As 3 £ C © £ , 
we have Pg (£) = p(6 £ ) C p(Zc) = P, (£) . 

By Theorem I2.5f i). each M G 6™ ax contains a closed Lie ideal J of £ of finite 
codimension. This means that Zc tz6£ lax . Therefore, by fO]) . P 3 (£) C P@ m ax (£). 

To prove the last inclusion in (I7.3|) . set I — Pgmax (£). For each J G 3£ ax , there 
is M G 6^ ax such that J C M. Then / C M, so that I + J C M . Thus J + J 
is a proper Lie ideal of £ and, by Lemma 16.11 it is closed. As J C / + J and J 
is a maximal closed Lie ideal of £, we have J = I + J. Hence I C J. Therefore 

Pgmax (£) = I C n J = Pjma* (£) . Part (i) is proved. 

Je3 max 

As Pg (£) , Pj (£) , Pgmax (£) , Pjmax (£) are Lie ideals of £ and the preradicals 
are balanced, it follows by induction from (|7.3[) that 

(7.4) Pg (£) C P" (£) C P ( 2 max (£) C P^„ax (£) , for all £ G £ 
and all ordinal a. This implies 

(7-5) Pg (C) C P° (£) C P°,„ax (£) C P° ma x (£) . 
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Set J = Pg (£). As Pg is a radical, it is upper stable. Hence {0} = Pq{C/J) C 
P 3 °» M (£/J). 

Set I = P-^ m a X (£/</) and assume that 7 7^ {0}. As Pg is balanced and as 7 < £/ J 
and P|(£/J) = {0}, we have P£ (J) = {0}. Hence, by P e (7) 7^ 7, whence 

the family ©/ ^ 0. Hence, by (i), P 3 »a* (I) ^ 7. Therefore P ° max (I) C Pjmax (I) ^ 
7. On the other hand, as P 3 ° max is a radical, P 3 °max(7) = I. Thus 7 = {0}. Therefore 
it follows from Lemma [3.6f ii) that P? ma x (£) C 7 = P<| (£). Taking into account 
(|7.5[) . we complete the proof of (ii). 

(iii) Denote temporarily by P the common radical constructed in (ii). Let j3 — 
r^ max (£) . It follows from gU) and ([Ll that P(£) C p| maK (£) C p| max (£) = 

P(£). Hence P(£) = P| mast (£) , so that r^ emax (£) < /3 = r^ max (£) . The proof 
of other inequalities is identical. □ 

Definition 7.9. We denote by T the common radical in Theorerr i7 .8V 11): 

and ca/Z zi i/ie Frattini radical. T -radical Banach Lie algebras are called also 
Frattini-radical. 

As Pe, Pe™ ax , -Pj, Pjmax are balanced preradicals (Thcorcm l7.6[) . it follows from 
Theorem ET27ii) that 

Rad(J") = Rad(Pe) = Rad(P e »ax) 
(7.6) = Rad(P ) = Rad(P „,ax). 

Thus (see (|7.2[) ) a Banach Lie algebra is ^-radical if and only if it satisfies one of 
the following equivalent conditions: 

a) it has no proper closed subalgebras of finite codimension; 

b) it has no proper closed ideals of finite codimension; 

c) it has no maximal proper closed subalgebras of finite codimension; 

d) it has no maximal proper closed ideals of finite codimension. 

Corollary 7.10. A Banach Lie algebra £ has closed Lie subalgebras of finite codi- 
mension if and only if it has closed Lie ideals of finite codimension. 

Proof. The condition that £ has no closed Lie ideals of finite codimension means 
2 c = 0- Then 

3£ = 0§ P 3 (£) = £ £ € Rad(Pr,) 51 £ E Rad(P 6 ) 

P e (£) = £ & & c = 0. 
Hence £ has no closed Lie subalgebras of finite codimension. □ 

Murphy and Radjavi [MR] proved that the algebra C(H) of all compact operators 
on a separable Hilbert space H and Schatten ideals C p of B(H), for p > 2, have no 
proper closed Lie subalgebras of finite codimension. In |BKSj Bresar, Kissin and 
Shulman established that simple Banach associative algebras with trivial center 
and without tracial functional (in particular, C(H) and all Schatten ideals C p , 
1 < p < 00) have no proper closed Lie ideals. From Corollary 17.101 it follows that 
they also have no proper closed Lie subalgebras of finite codimension. 

The following result can be considered as an " external" application of the radical 
technique. 

Corollary 7.11. (i) Each Banach Lie algebra £ has the largest closed Lie ideal 
J-"(£) that satisfies one and, therefore, all the above conditions a)-d); this ideal is 
characteristic. 
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(ii) Let I < C If I and C/I satisfy conditions a)-d) then the same is true for 
C. 

Proof. As J 7 is a radical, T(C) is a characteristic Lie ideal. As J-{C) £ Rad(7 r ), 
it satisfies conditions a)-d). The rest of (i) follows from Corollary 13. 8f i). Part (ii) 
from Lemma l3.6f iv). □ 

In the next theorem we compare the Frattini radical J- and the radical T> (see 

(ESI)). 

Theorem 7.12. Sem(£>) C Sem(J), Rad (J 7 ) C Rad(£>) and T < V. 

Proof. Recall (see Theorem EM that D (£) = and v (£) = D °(£) = n£ [«] for 
C £ £. By Proposition EZfi), P m a x (£) C £ (1] = £>(£). This implies P« mMt (£) C 
£ [a] = £> Q (£) for all a. Hence, by Theorem WMii). T < 2?, so that Sem(£>) C 
Sem(J"). 

Each finite-dimensional semisimple Lie algebra C belongs to Sem(J r ), as {0} is a 
Lie ideal of finite codimension. However, D°(C) = C, as D (C) = [£,£} = C. Hence 
C £ Sem(X»). Thus Sem(P) ^ Sem(J"). By Proposition O and Corollary [3^1 
Rad (F) C Rad {V) and T < V. □ 

Corollary 7.13. Let C be a Banach Lie algebra. Then C/T>{C) is J- -semisimple. 

Proof. The Lie algebra C/T>(C) is T>- semisimple. Therefore it is J r -semisimple by 
Theorem [LH □ 

We will consider now some examples of ^-semisimple algebras. 

Example 7.14. (i) Each finite- dimensional Lie algebra is J- -semisimple. This 
follows from the fact that {0} is a Lie ideal of finite codimension. 

(ii) Each solvable Banach Lie algebra C is J- -semisimple. This follows from 
Theorem 17.121 If C is commutative then, in addition, we have from (|7.3p and 
Proposition l7.7f i) that 

(7.7) F{C) = P 6 (£) - P : , (£) - P S n,a* (£) - P 3 »a* (£) - {0}. 

(hi) Let X be a Banach space, L be a Lie subalgebra of B(X) and let C — L © ld X 
(see p.lOp ). If L is J- -semisimple then C is J- -semisimple. Indeed, by Proposition 
IBTTT in 3) and the above example, T(C) = {0} © id T{X) = {0}, so that C is 
J-"-semisimple. □ 

Each inhnite-dimensional, topologically simple Banach Lie algebra C is ^-radical, 
since Zc = ®, so that (see (j7T2"j) and ([7T5)l) C £ Rad(P ) = Rad (J 7 ). For example, 
the Lie algebra of all nuclear operators with zero trace on a Hilbert space H with 
respect to the usual Lie product [a, b] = ab — ba is topologically simple (see [BKS, 
Theorem 5.8]) and therefore ^-radical. 

Examples of ^-radical Banach Lie algebras can be found also among Lie algebras 
which are far from being simple. 

Example 7.15. The Banach Lie algebra of all compact operators on a Hilbert 
space H that preserves a given continuous nest 91 of subspaces in H is T -radical. 

To see that Kyi is J-"-radical, we will show that it has no closed Lie ideals of finite 
codimension. Assume, to the contrary, that J is such a Lie ideal. All operators 
in K<yi are quasinilpotent (see |Rij ) . so that all operators ad(a) are quasinilpotent 
on K<y\ and induce quasinilpotent operators on its quotients. Then L = K<ji/J is a 
nilpotent finite-dimensional Lie algebra. Therefore [L,L] ^ L, whence [Kyi, Kyi] 
Ky\- On the other hand, each rank one operator a = e ® / in Kyi belongs to 
[K<jx, Kyi]. Indeed, by |Dal Lemma 3.7], there is a projection p on a subspace in 01 
with pe = e and pf = 0. Hence a = pa — ap. Since projections on subspaces in 
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yi belong to the strong closure of Kyi ([Da] Lemma 3.9]), a is the norm limit of a 
sequence b n a — ab n G [Kyi, Kyi}. Thus [Kyi, Kyi] contains all rank one operators. It 
remains to note that rank one operators generate Kyi by [Dal Corollary 3.12 and 
Proposition 3.8], whence Kyi — [Kyi, Kyi], a contradiction. □ 

Example 7.16. The Frattini radical is not hereditary (see (|3.6p ]l. 

Indeed, the Calkin algebra C — B(H)/JC(H) is simple. Considered as a Lie 
algebra with respect to the Lie product [a, b] = ab — ba, it has only one non-zero Lie 
ideal J = Ce, where e is the unit of C (since [C,C] = C, this follows from Herstein's 
[H] description of Lie ideals in simple associative algebras) . Hence C is ^-radical: 
T(C) = C. On the other hand, J is J^semisimple, since it is finite-dimensional. 
Hence {0} = J 7 (J) ^ J D F(C) = J DC = J. □ 

Proposition 7.17. Let A be a simple infinite- dimensional Banach associative al- 
gebra. If its center Za = {0} then J- (A) = [A, A]. 

Proof. As A is a simple Banach algebra, each closed Lie ideal J of A either contains 
the Lie ideal Ca '■= [A, A], or is contained in Za (see [H] and |BKS1 Theorem 2.5]). 
As Za = {0}, either Ca Q J or J = {0}. Hence, since dim A = oo, we have that 
each J E 3a contains Ca- Thus Ca Q ^JeZiA J = Pz(A)- On the other hand, each 
subspace of finite codimension containing Ca is a closed Lie ideal of A. As the 
intersection of such subspaces is Ca, we have Py(A) C Ca- Hence P^(A) = Ca- It 
remains to prove that J 7 (A) = Py(A). For this we only have to show that Ca has 
no closed Lie ideals of finite codimension. 

It is well known (see, for example, the proof of [BKS1 Proposition 2.4]) that 
[a, [a,x]] — 0, for all x <E A, implies a G Za- In our case this can be written in the 
form 

(7.8) [a, [a,x]] = 0, for all x € A, implies a = 0. 

Note that (|7.8p implies that A has no commutative Lie ideals. Indeed, if a € J, 
where / is a commutative Lie ideal, then [a, [a, x]] = for all x € A, so that a = 0. 

It follows also from (|7.8[) that dimCU = oo. Indeed, otherwise, as dirndl = oo, 
the map x S A — > &d(x)\c A has a non-trivial kernel. Thus there is a non-zero a G A 
such that [a, [y, z]] = 0, for all y, z G A. This contradicts (|7.8|) . 

Thus we have that Ca = P^(A) is a non-commutative characteristic Lie ideal 
of A and dim Ca = oo. If Ca has a proper closed Lie ideal of finite codimension, 
it follows from Theorem 12.61 that Ca has a proper closed characteristic ideal J of 
finite codimension, so that J < ch Ca < ch A. Hence, by Lemma [2^41 J is a Lie ideal 
of A. As J S Ca, we have J C Za = {0}. As dimCU = oo, {0} is not a Lie ideal 
of finite codimension in Ca, a contradiction. □ 

It follows from (|7.6p that, for the preradicals Pq, Pj, P@max, Pjmax and the 
radical J 7 , the classes of their radical Lie algebras coincide. We will finish this 
section by showing that the classes of their semisimple Lie algebras differ. 

Recall that Sem(J r ) = {£ G £: J~{C) = {0}} is the class of all ^-semisimple 
Banach Lie algebras. Consider also the classes of semisimple algebras for the pre- 
radicals Pe,P%, Pe»» , Pjim* : 

Sem(P e ) = {£G£: n Le6c L = {0}}, 

Sem(P ) = {£ G £: n Le0c L = {0}}, 
Sem(P e — ) = {£ G £: n L66r - L = {0}}, 
Sem(P 3 ™) = {£ G £: ru 63 »~ L = {0}}. 

By 

Sem(Pj-x) C Sem(P 6 n,ax) C Sem(P a ) C Sem(P 6 ) C Sem(J"). 
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We will show that 



(7.9) 



Sem(P 3 max) C Sem(P S max) C Sem(P 3 ) 
C Sem(Pe) S Sem(J"). 



Firstly, in the following theorem we will establish that Sem(Pg) ^ Sem(7 r ). 

Let T be a bounded operator on a Banach space X (an example of such operator 
can be found in [HL j) whose lattice of invariant subspaces Lat(T) has the following 
properties: 

Ci) the subspaces of finite codimension in Lat(T) are linearly ordered by inclu- 
sion, 

C2) their intersection X u ^ {0}. 

Lemma 7.18. Let T G B{X) and Lat(T) satisfy Ci) and C 2 ). If p ^ is a 
polynomial then 

(i) the closure of the range of p(T) has finite codimension; 

(ii) each closed subspace Y of finite codimension in X which is invariant for 
p{T), contains a closed subspace of finite codimension which is invariant 



Proof, (i) Suppose that codim(p(T)X) = 00. Since p(T) = (T-Ajl) • • • (T- A„l), 
it follows that codim((T — Afcl)X) = 00 for some k. All subspaces that contain 
(T — Xkl)X are invariant for T — A&1 and hence for T. This contradicts the as- 
sumption that finite-codimensional subspaces in Lat(T) are linearly ordered. 

(ii) The operator p{T) induces an algebraic operator on X/Y because dim(X/Y) < 
00. Thus there is a polynomial q(t) such that q(p(T))X C Y. By (i), codim(q(p(T))X) < 
00. Since q(p(T))X is invariant for T, we are done. □ 

Theorem 7.19. Let T G B (X) with Lat(T) satisfying Ci) and C 2 ). Let A be the 
Banach algebra of operators generated by T, and let C = A(B ld X (see (13. 101) ). Then 
the intersection of all subalgebras of finite codimension in C is non-zero, while the 
Frattini radical is trivial: 



Proof. If K is a subalgebra of finite codimension in £, then B = {a 6 A: (a: 0) G K} 
has finite codimension in A. (Indeed, if ai,...,a n £ A are linearly independent 
modulo B, then (a\; 0), (a„; 0) are linearly independent modulo K.) Hence, 
since polynomials of T form an infinite-dimensional subspace of A, it follows that 
B contains a non-zero polynomial p(T). 

Similarly, the subspace M = {x G X: (0; x) G K} has finite codimension in X. 
It is invariant for B because, if b G B, x G M, then (0; x) G K and (b; 0) G K. Hence 
(0; bx) = [(b; 0), (0; x)} G K, so that bx G M. In particular, M is invariant for p(T). 
By Lemma I7.18f ii) , M contains a closed subspace of finite codimension invariant 
for T. By condition C2), each such subspace contains the subspace X^ invariant 
for T. Therefore K contains the subspace {0} © id X u . Thus {0} ® id X u C P s (£). 

On the other hand, if A a is a subspace of finite codimension in A and Xp is a 
subspace of finite codimension in X invariant for T, then A a (B ld X and A@ ld Xp are 
subalgebras of finite codimension in C. As A is commutative, Ps(A) = f)A a = {0} 
(see ([II])). Therefore P s (£) C {0} © id Z w . Thus P©(£) = {0} © id X u . 

As A is commutative, it follows from Example I7.14f i) and (iii) that F(C) = 



forT. 



P s (£)^(£) = {0}. 



{0}. 



□ 



Denote by Lid(£) the set of all closed Lie ideals of C. We will now construct 
examples that prove the rest of (|7.9p . 
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Example 7.20. (i) Sem(Pj) g Sem(P 6 ) ( [KST1] ). Let X be a Banach space 
and dim A = oo. Let M be a finite-dimensional Lie subalgebra of B(X) that has no 
non-trivial invariant subspaces and let £ = M® ld X (see (|3.10|1 ). Let 2) be the set 
of all closed subspaces of codimension 1 in X. For Y £ 2J, Ly — {O}0 ld y is a closed 
Lie subalgebra of £ and codim(Ly) = 1 + dim(M) < oo. Thus £ £ Sem(Pe), as 
Pe (£) C Drey^Y = {0}. Then 

Lid(£) = {0} U { J © id X : J £ Lid(M)}. 

Thus {0} © ld X is the smallest non-zero Lie ideal of £. As {0} is not a Lie ideal 
of finite codimension in £, we have P 3 (£) = n(J © id X) = {0} © id X, so that 
£ i Sem(P 3 ). Thus Sem(P ) C Sem(P e ) . 

In particular, let e be a bounded operator on X = l\ that has no non-trivial 
closed invariant subspaces (see |R1| ). Then the Banach Lie algebra £ = Ce ffi ld X 
belongs to Sem(Pe). As e has no closed invariant subspaces and dim(X) = oo, 
{0} © ld X is the only proper Lie ideal of £ of finite codimension, so that £^ 
Sem(Pi). 

(ii) Sem(P 6 »») g Sem(Pj). Let 





(o 


X 






|a(a;,y,z) = j 








i) 


: x,y,z e C j 














be the Heisenberg 3-dimensional Lie algebra with one-dimensional center Z = 
[£,£] — {a(0,0, z) : z £ C}. As the Lie ideal {0} has finite codimension in £, we 
have £ £ Sem(Pj). Let M be a maximal Lie subalgebra of £ that does not contain 
Z . If dim (M) = I, then M + Z is a 2-dimensional subalgebra larger than M, a con- 
tradiction. Thus dim (M) = 2. Hence £ = Al+Z and [M, M] = [M + Z,M + Z] = 
[£,£} = Z, so that Z C M — a contradiction. Thus all maximal Lie subalgebras 
of £ contain Z. Therefore Z £ Dm&g^M, so that £ £ Sem(P 6 n,«). Thus 
Sem(P 6 .»x) C Sem(P 3 ). 

(iii) Sem(P3max) C Sem(?6™)- Let () be the Lie algebra of all upper triangular 
matrices in s[(2,C), n be the Lie subalgebra of f) of matrices with zero on the 
diagonal and be the Lie subalgebra of t) of diagonal matrices. Then n is the 
only maximal Lie ideal of f), n and D are maximal Lie subalgebras of f), so that 
n = P, max (fj) ^ P emax (f))Cnn0 = 0. 

To give an example of an infinite-dimensional algebra, we will use the direct 
product. Let t)i = f) for all i £ N. Then £ = (B i)i = {a = {ai} ie ^ : all a, £ f) and 

iGN 

lim||aj|| =0} — the co-direct product of all f)i (see (|3.1ip ) is a solvable Banach 
Lie algebra. For each i £ N, Ji = {a £ £: a% £ n} is a maximal closed Lie ideal of 
codimension 1 in £ and Mj = {a £ £: ai £ 0} is a maximal closed Lie subalgebra 
in £ of codimension I. If J 6 3~! ax then [f)j, J] is either {0} or for each ieN. 

If [f)j, J] = {0} then J + rii is a closed proper Lie ideal of £ larger than J. This 
contradiction shows that [f)j, J] = for each ieN. Hence either f)j C J or C J. 
As £ is the Co -direct product of all f)i, we conclude that J coincides with one of Ji. 
Thus 3'2 ax = * G N}. Therefore £ ^ Sem(P 3 «,») and £ £ Sem(P 6 »«), as 

P^ax(£) = n ieN Ji^{0} and 

p e .- x (£) = (r\ ien Ji) n (n ieN M0 = {o}. 

8. Frattini-semisimple Banach Lie algebras 

As in the classical theory of finite-dimensional Lie algebras, the most "tractable" 
infinite-dimensional Banach Lie algebras are Frattini-semisimple Lie algebras. In 
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this section we show that they admit chains of closed Lie subalgebras and even of 
Lie 2-step subideals decreasing to {0} with finite-dimensional quotients. We also 
consider a subclass of Sem(J r ) that consists of Banach Lie algebras that admit 
chains of closed Lie ideals decreasing to {0} with finite-dimensional quotients. We 
call these algebras strongly Frattini-semisimple and prove that they can be equiv- 
alently defined in terms of the structure of the sets of their Lie ideals, of their 
J-"-absorbing Lie ideals and of their commutative Lie ideals. 

8.1. Chains of Lie subalgebras and ideals in Banach Lie algebras. We begin 
with a result which, in particular, shows that separable P&- and Pj-semisimple 
Banach Lie algebras are characterized, respectively, by the existence of sequences 
of Lie subalgebras and Lie ideals of finite codimension that decrease to {0}. Recall 
that P e (C) C P 3 (£). 

Proposition 8.1. (i) Each Banach Lie algebra £ has complete, lower finite-gap 
chains of closed Lie ideals between £ and Pj(£), and of closed Lie subalgebras 
between £ and Pq(C). 

(ii) Each separable Banach Lie algebra £ has a sequence { Jn}^Li of closed Lie 
ideals of finite codimension and a sequence {L n }%Li of closed Lie subalge- 
bras of finite codimension such that 

J n +i Q J n and n^° =0 J„ = P 3 (£); L n+ i C L n and n£° =0 L n = P e (C). 

Proof, (i) The family Zc consists of all closed Lie ideals of finite codimension in 
£. Hence its p-completion 3^ — the set of intersections of Lie ideals from all sub- 
families of 2c — consists of Lie ideals of £. The family &c consists of all closed 
Lie subalgebras of finite codimension in £ and its p-completion & p c consists of Lie 
subalgebras of £. By Lemma 15751 3^ and & p c are lower finite-gap families. Thus (i) 
follows from Theorem 16.61 

Part (ii) follows from Theorem 16. 101 □ 

Corollary 8.2. A separable Banach Lie algebra is P^-semisimple if and only if 
it has a chain {L n }^ =1 of closed Lie subalgebras of finite codimension such that 
L n +i C L n and n^ =0 L n = {0}. 

It is P^-semisimple if and only if it has a chain {J n }^Li of closed Lie ideals of 
finite codimension such that J n +i C J n and Ci^qJu = {0}- 

Proposition 8.3. Let the quotient Lie algebra £/P@(£) have no characteristic 
commutative, infinite- dimensional Lie ideals. Then £ has a maximal, lower finite- 
gap chain of closed characteristic Lie ideals between £ and Pq(£). 

Proof. Recall that Pe(£) = CiLeenL is a characteristic Lie ideal of £. Firstly 
assume that Pe(£) = {0}. Let G be the family of all closed characteristic Lie ideals 
of £. Then p(G) = {0} G G and s(G) = C G G. For each subfamily G' of G, the 
Lie ideal p(G') = (Ij^g'J of C is characteristic. Hence G is p-complete. 

Let {0} ^ I G G. If dim/ < oo then {0} has finite codimension in /. Let 
dim/ = oo. As P\L e e £ L = {0}, there is L G &c that does not contain /. By 
Lemma 16.11 I H L is a proper closed Lie subalgebra of finite codimension in I. By 
our assumption, I is non-commutative. Hence, by Theorem I2.5f ii). I has a proper 
closed characteristic Lie ideal K of finite codimension. Then, by Lemma 12. 4f ii) , 
K < ch L, so that K G G and < dim(7/iC) < oo. Hence G is a p-complete lower 
finite-gap family. We have from Lemma 16.51 that G has a maximal, lower finite-gap 
chain C of closed characteristic Lie ideals such that p(C) = {0} and s(C) = C. 

Let now P e (C) f {0} and dim(£/P e (£)) = oo. Set £ = £/P e (£). As P e is 
upper stable (see Theorem I7.3|) . we have from (|3.4p that Pe(£) = {0}- By our 
assumption, £ has no infinite-dimensional commutative characteristic Lie ideals. 
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Hence, by the above, £ has a maximal, lower finite-gap chain C = {I\} of closed 
characteristic Lie ideals such that p(C) = {0} and s(C) = £. By Lemma \2. 31 the 
preimages I\ of I\ in £ are closed characteristic Lie ideals of £. Hence C = {I\} 
is a maximal, lower finite-gap chain of closed characteristic Lie ideals of £ with 
p(C) = P& (£) and s(C) = £. □ 

We will prove in this subsection that .F-semisimple algebras are characterized by 
the existence of complete lower finite-gap chains of closed Lie subalgebras decreasing 
to {0}. Since the radical F is generated by the preradical Py, one can expect that 
the same holds for chains of Lie ideals. However, this is not true in general; the 
class of algebras for which this is true will be considered in the next subsection. 
Nevertheless, we will see that symmetry can be partially recovered if instead of 
ideals one works with 2-step subideals. 

Recall (see Definition 12. 7\i that a Lie subalgebra / of £ is a 2-step Lie subideal if 
it is a Lie ideal of some Lie ideal of £. We write / <2 £ if I is closed. This matches 
the notation in Definition 12 . 71 because a closed 2-step Lie subideal of £ is clearly a 
Lie ideal of a closed Lie ideal of £. Clearly, all Lie ideals are 2-step Lie subideals. 

Lemma 8.4. Let C be a Banach Lie algebra. Then 

(i) the sum of a Lie ideal of £ and a 2-step Lie subideal of £ is a 2-step Lie 
subideal of £; 

(ii) the intersection of a family of 2-step Lie subideals of C is a 2-step Lie 
subideal of £. 

Proof, (i) If I is a Lie ideal of some Lie ideal K of £ and J < £, then I + J is a 
Lie ideal of K + J and K + J is a Lie ideal of £. 

(ii) Let L a be a Lie ideal of some Lie ideal K a of £ for each a £ A, where A is 
an index set. Then n a K a is a Lie ideal of C and C\ a I a is a Lie ideal of C\ a K a . □ 

Proposition 8.5. For each Banach Lie algebra C, there is a complete, lower finite- 
gap chain of closed Lie 2-step subideals of C between F{C) and C. 

Proof. Let {P^ (£)}^_ Q be the Pj-superposition series of closed Lie ideals of C. 
Then P? (£) = P% (£) = F{£). As P° +1 (£) = P 3 (P£ (£)) , we have from Propo- 
sition 18.11 that there is a complete chain C a of closed Lie ideals of P^ (C) such 
that it is a lower finite-gap chain, s (C ) = (£) and p (C a ) = P^ +1 (£). As 
P" (£) <J £, these Lie ideals arc Lie 2-step subideals of £. Therefore the chain 

fu^ =0 C a ^ U ( U^ =0 Pj (£)^ is a complete, lower finite-gap chain between F{£) 
and £ that consists of closed 2-step Lie subideals of £. □ 

The following theorem describes .F-semisimple (Frattini-semisimple) Lie algebras 
in terms of lower finite-gap chains of Lie subalgebras and 2-step ideals. 

Theorem 8.6. Let £ be a Banach Lie algebra. Then the following conditions are 
equivalent: 

(i) £ is F-semisimple. 

(ii) £ has a complete, lower finite- gap chain of closed Lie 2-step subideals from 
{0} to £. 

(iii) £ has a complete, lower finite-gap chain of closed Lie subalgebras from {0} 
to £. 

(iv) The set of all closed Lie 2-step subideals of £ is a p-complete, lower finite- 
gap family. 

(v) The set of all closed Lie subalgebras of £ is a p-complete, lower finite-gap 
family. 
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Proof, (i) (ii) follows from Proposition [53] 

(ii) ==> (iii) is obvious. The set in (v) is p-complete. The set in (iv) contains 
£, so that it is p-complete by Lemma l8^4l ii). Hence (iv) •<=>■ (ii) and (v) <^=> (iii) 
follow from Theorem 16.61 

(iii) (i) By Lemma [6.51 the chain C = {M Q }^_ of closed Lie subalgebras 
in (iii) is a strictly decreasing transfinite chain with Mq = £ and Mp = {0}. Let 
J-"(£) 7^ {0} and «o be the first ordinal such that M ao does not contain J-(C). 
Clearly ao is not a limit ordinal. Hence uq — S + 1 and M ao is a Lie subalgebra 
of finite codimension in Mg. Thus ^(AIs) C Pq(Ms) C M ao . As F(C) is a Lie 
ideal of Ms and J 7 is a radical, we have J-(C) = F(F(C)) C F(Ms) c M ao , a 
contradiction. Thus all M a contain .F(£), whence .F(£) = {0}. □ 

Recall (see Definition 13. 9[) that a closed ideal 7 of a Banach Lie algebra £ 
is J- -absorbing (Frattini- absorbing) if £/7 is J^semisimple. We saw in Theorem 
I7.12f ii) that T> (£) is ^-absorbing. Denote the set of all J-"-absorbing ideals of £ by 
Abs^ (£). 

Lemma 8.7. (i) A closed Lie ideal I of C is J- -absorbing if and only if there is a 
complete, lower finite-gap chain of closed Lie subalgebras between L and £. 

(ii) Let I e Ahsjr(C) . If J < C, J C 7 anddim(7/J) < oo, tten J € Abs^- (£). 

(iii) i?ac/i complete, lower finite-gap chain C of closed Lie ideals of C with 
s(C) = C consists of J- -absorbing ideals of C 

(iv) The set Absjr (£) is p-complete, s(Absjr (£)) = C and p(AbsjF-(£)) = 

(v) Let M. be a closed Lie subalgebra of C. If I € Absjr (£) then IflM £ 
Abs^(X). 

Proof, (i) If £/7 is ^-semisimple then, by Theorem 18.61 there is a complete, lower 
finite-gap chain of closed Lie subalgebras of £/7 between {0} and £/7. Their 
preimages in £ form a complete, lower finite-gap chain of closed Lie subalgebras of 
£ between 7 and £. 

Conversely, if C = {L\} is such a chain, then the quotients L\/I form a complete, 
lower finite-gap chain of closed Lie subalgebras of £/7 between {0} and £/7. Thus 
£/7 is J^-semisimple. 

(ii) By (i), there is a complete, lower finite-gap chain C of closed Lie subalgebras 
between 7 and £. Then C = J U C is the same type of chain between J and £. By 
(i), J is ^-absorbing. 

(iii) For 7eC, {JeC: 7CJ}isa complete, lower finite-gap chain. By (i), 7 
is J 7 -absorbing. 

(iv) As £ £ Absjr (£) , we have s(Absjr (£)) = £. The rest follows from Theorem 

&m 

(v) If 7 € Absjr (£) then, by (i), £ has a complete, lower finite-gap chain C of 
closed Lie subalgebras between 7 and £. By Corollary 16. 71 Cm = {J DM: J € C} 
is a complete, lower finite-gap chain of closed Lie subalgebras of M between I DM 
and M. Hence, by (i), 7 n M G Absjr (M). □ 

Let G be the set of all closed Lie subalgebras of £. It is p-complete. Comparing 
([5ZED , Theorem I6TTT1 and Lemma I577| we have that G f = Abs jr (£) and A G = J r (£). 
This and Lemma 16.51 yield 

Corollary 8.8. (i) J r (£) = p(C) for each maximal, lower finite-gap chain C of 
closed Lie subalgebras of £ with s{C) = £. 

(ii) Each p-complete, lower finite-gap chain C of closed Lie subalgebras of £ 

with 5(C) = £ extends to a maximal, lower finite-gap chain of closed Lie 

subalgebras. 
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In general, for a radical R, a subalgebra of an P-semisimple Lie algebra is not 
necessarily P-semisimple. However, for the Frattini radical J 7 , the situation is much 
better. 

Corollary 8.9. If £ E Sem(J r ) then each closed Lie subalgebra M. of £ is T- 
semisimple. 

Proof. As {0} G Absjr(£), by Lemma IOV). {0} G Absjr(M). Hence M E 
Sem(J-). □ 

Now we consider the sets of ^-absorbing characteristic Lie ideals in Banach Lie 
algebras. 

Theorem 8.10. Let £ be a Banach Lie algebra. 

(i) £ has a maximal chain of J- ' -absorbing ideals between F(£) and £. 

(ii) £ has a maximal lower finite- gap chain of J- -absorbing Lie ideals between 
P z {£) and £. 

(hi) Let R be one of the preradicals P@, Pj, P@ m ™i Pjjnax. Then 

a) for each J 7 -absorbing Lie ideal I of £, the Lie ideal Pr(I) is also J 7 - 
absorbing; 

b) the characteristic Lie ideals Pjj (£) in the R- superposition series are 
J- '-absorbing. 

(iv) Let £/ P(~,(£) have no characteristic commutative, infinite- dimensional Lie 
ideals. Then £ has a maximal, lower finite- gap chain of J- -absorbing char- 
acteristic Lie ideals between P© (£) and £. 

Proof, (i) follows from Lemmas 16.51 and I8.7f iv) . 

(ii) follows from Proposition 18. lf i) and Lemma [HTTfiii) . 

(iii) a) By Lemma l2~4T i). Pr{I) is a Lie ideal of £. As / is ^-absorbing, we have 
from Lemma I8.7f i) that there is a complete, lower finite-gap chain Cj of closed 
Lie subalgebras between / and £. By Proposition 18 . lf i) . there is a complete lower 
finite-gap chain C of closed Lie subalgebras between R(I) and I. Hence C = C/UC" 
is a complete lower finite-gap chain of closed Lie subalgebras between R(I) and £. 
Thus, by Lemma l8~7T iL R(I) is ^-absorbing. 

(iii) b) follows by induction. Let Pg {£) be ^-absorbing. By (i), P^ +1 (£) is 
also ^-absorbing. The case of a limit ordinal a follows from Lemma l8.7f iv). 

(iv) follows from Proposition 18 . 1 f i) and Lemma l8~7T iii). □ 

Denote, as in Example 17.201 by Lid(£) the lattice of all closed Lie ideals in £. 
Denote by 

1) Ac the set of all closed commutative Lie ideals of £; 

2) A c c h the set of all closed commutative characteristic Lie ideals of £; 

3) ^£ bs := Ac H Absjr (£) the set of all ^-absorbing Lie ideals of £ in ,4c 

Proposition 8.11. Let £ G Sem(J r ). Then 

(i) the set Lid(£)\,4£ is a lower finite-gap family modulo Ac {see Definition 

(ii) the set of all infinite- dimensional non-commutative closed characteristic Lie 
ideals of £ is a lower finite-gap family modulo A c h ; 

(iii) the set Abs^- {£) \^£ bs is a lower finite-gap family modulo A^ hs . 

Proof. Let J be a non-commutative Lie ideal of £ and dim J — oo. By Theorem 
[8T6](v) , J has a proper subalgebra of finite codimension. By Corollarv l2.6l it contains 
a closed Lie ideal I oi £ that has non-zero finite codimension in J. Part (i) is proved. 

If J is characteristic then, by Corollary |2.6[ I is also characteristic. This proves 
(ii). 
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Let J G Absjr (£)\Ac- Then, by (i), £ has a closed Lie ideal I such that / 5 J 
and dim(J/i) < oo. By Lemma IgTTT iiL 

/ g Abs^ (£) C (Abs^- (£) \^ bs ) U Af> s . 

a 

8.2. Strongly Frattini-semisimple Banach Lie algebras. Theorem 18.61 gives 
us a satisfactory description of J r -semisimple Lie algebras in terms of lower finite- 
gap chains of Lie subalgebras and 2-step subideals. These algebras may also have 
lower finite-gap chains of Lie ideals. However, there are .F-semisimple algebras 
where these chains do not stretch from £ to {0}. 

Indeed, the Lie algebra £ = M ld X in Example I7.20l i) is .F-semisimple (see 
Example 17. 14f in) ) and its Lie ideal J = {0} © ld X is infinite-dimensional, commu- 
tative and contained in each non-zero Lie ideal of £. Hence if C is a maximal lower 
finite-gap chains of Lie ideals of £ then p(C) = J. Thus C does not continue to {0}. 

Definition 8.12. A Banach Lie algebra £ is strongly J- -semisimple (Frattini- 
semisimple) if there is a complete, lower finite-gap chain of closed Lie ideals of £ 
between {0} and £. 

We will see later that each .F-semisimple Banach Lie algebra £ contains a charac- 
teristic commutative Lie ideal J such that £/ J is strongly J r -semisimple. Therefore, 
for Lie algebras without commutative Lie ideals, these two notions coincide. Thus 
the presence of the commutative Lie ideal J = {0} © ld X in the above example is 
not incidental. 

The following result shows that one can define strongly J-"-scmisimple Lie algebras 
as algebras with complete, lower finite-gap chains of ^-absorbing Lie ideals between 
{0} and £. 

Theorem 8.13. Let £ be a Banach Lie algebra. Then the following conditions are 
eguivalent. 

(i) £ is strongly J- '-semisimple. 

(ii) £ has a complete, lower finite-gap chain of J- -absorbing ideals between {0} 
and £. 

(iii) The set Lid(£) of all closed Lie ideals of £ is a lower finite-gap family. 

(iv) The set Absjr (£) is a lower finite- gap family containing {0}. 

Proof. The set Lid(£) is p-complete. The set AbsjF(£) is p-complete by Lemma 
I8.7( iv): (i) (ii) follows from Lemma [577T iii); (ii) => (i) is obvious; (iii) <^> (i) 
and (iv) <^=> (ii) follow from Theorem 16.61 □ 

Strongly Frattini-semisimple algebras can be characterized in the class of Frattini- 
semisimple algebras by the structure of the sets of their commutative ideals. 

Theorem 8.14. Let £ G £. Then the following conditions are eguivalent. 

(i) £ is strongly J 7 -semisimple. 

(ii) The set Ac of all closed commutative Lie ideals of £ is a lower finite-gap 
family. 

(iii) The set ^4£ bs = Ac H Absjr (£) is a lower finite-gap family. 

(iv) £ has a complete, lower finite-gap chain of closed Lie ideals between {0} 
and s (Ac). 

(v) £ has a complete, lower finite-gap chain of closed ideals between {0} and 

Proof, (i) => (ii) follows from Theorem I8.13f iii') , and (ii) ==> (iii) follows from 
Lemma 18. 7f ii). 
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(iii) =£- (i). It follows from Lemma f6. 141 and Proposition 18. 1 II that Absjr (£) is 
a lower finite-gap family. By Theorem 18. 131 £ is strongly J r -semisimple. 

(i) => (iv) and (v). By Theorem 18 . 1 3f iii) . Lid(£) is a p-complete, lower finite- 
gap family. Hence, for any J G Lid(£), the set Lidj(£) = {7 G Lid(£): I C J} is 
a p-complete, lower finite-gap family. Thus (iv) and (v) follow from Lemma l6~5l 

(iv) ==>• (ii). Lid s (^ £ ) (£) is a p-complete family. If the required chain exists then, 
by Theorem [Hill Lid 5 (_4 z .)(£) is a lower finite-gap family. As Ac C Lid 6 (_4 £ )(£), we 
easily have that ,A£ is a lower finite-gap family. 

(v) =>■ (iii). Replacing s(^4/;) by s (*4£ bs ) in (iv) ==>• (ii) and using Lemma 
18. 7( 11). we obtain that A^ hs is a lower finite-gap family. □ 

Corollary 8.15. Let £ G Sem(7 r ). If the set A c c h is a lower finite-gap family, 
then £ has a maximal, lower finite-gap chain of characteristic Lie ideals between 
{0} and £. 

Proof. If A c c h is a lower finite-gap family, we have from Lemma r6.14l and Proposition 
18.111 that the set Lid ch (£) of all closed characteristic Lie ideals of £ is a lower 
finite-gap family. As £,{0} G Lid ch (£) and the intersection of any subfamily of 
characteristic Lie ideals is also a characteristic Lie ideal, Lid ch (£) is p-complete. 
Applying Lemma 16.51 we complete the proof. □ 

Let G be a family of closed subspaces in a Banach space X. A subspace Y G G 
is called lower essential in G if the set 

G-(Y) = {Z G G : Z C Y} ± and dim(Y/Z) = oo, 

for each Z G G-(Y). Denote by Ess; (G) the set of all lower essential subspaces Y 
in G. 

Corollary 8.16. A Banach Lie algebra £ is strongly T -semisimple if and only if 
A£ bs nEss ; (Ac)=0. 

Proof. If A^ hs fl Ess; (Ac) 7^ {0} then Ac is not a lower finite-gap family. By 
Theorem 18.141 £ is not strongly 7 r -semisimple. Conversely, if A^TlEss/ (Ac) = 
then, for each Y G A^ hs , Y ^ p(Ac), there is Z G (Ac)_ QO of finite codimension 
in y. By Lemma fe^f fi). Z G Aj: hs ■ Hence A£ hs is a lower finite-gap family. By 
Theorem 18. 141 £ is strongly ^-semisimple. □ 

In two examples below H is a Hilbert space with an orthonormal basis {ej}?^, 
and Hq = {0} and H n — Y17=i ©Ce^ , for n > 0, are its finite-dimensional subspaces. 
In the first example we consider a 27-semisimple (hence ^-semisimple) Banach Lie 
algebra £ that has a commutative ^-absorbing ideal in Ess; (Ac), so it is not 
strongly ^-semisimple by Corollary 18.161 

Example 8.17. Consider the nest G = H U {H n }%L — a complete chain of 
subspaces from {0} to H . Let M — Alg(G) be the algebra of all operators in B (H) 
leaving each subspace from G invariant. Then M has a chain of closed two-sided 
ideals I n = {T e M : T\n n — 0} that have finite codimension in M and P\ n I n = {0}. 

Let £ = M © id H (see ([3~TUl) 'l. For each n, J n := J„ e id i? is a closed Lie 
ideal of finite codimension and K := {0} ® ld H = Ci n J n is the largest commutative 
closed Lie ideal of £. Then D n (C) C J„. Hence L>°°(£) = □„£>"(£) = AT, so that 
T>(£) — D(K) = {0}. Thus £ is D-semisimple and, hence, .F- semisimple. Apart 
from K, only K n := {0} © ld for n G N U {0} , are other commutative closed 
Lie ideals of £. Then K G Ess; (Ac) , as dim K/K n = oo for all n. As L/K w M 
is F-semisimple, A is a ^-absorbing ideal of £. Thus A G A^ hs fl Ess; (A/;) . By 
Corollarv l8.161 £ is not strongly ^-semisimple. 



The algebra £ in the next example is £>-radical and strongly J-"-semisimple. 
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Example 8.18. Modify the nest G in the example above as follows. Let G — 
H U {H2n}%Lo- Let P n be the orthogonal projections on H 2n and Q n = P n — P„-i- 
Let £ be the Lie algebra of all compact operators T preserving G : TP n = P n TP n , 
for all n, and such that Tr(Q n TQ n ) = 0, for all n. Let us check that [£, £] = £ 
whence T>(£) — £, so that £ is Z?-radical. 

For each n, set £„ = {T G £ : T = P n TP n }. For all T G £, we have TP n G 
£ n and TP„ — > T. Hence U„£„ is norm dense in £ and it suffices to show that 
[£„, £ n ] = £„ for all n. Each T £ £„ can be realized as an upper triangular block- 
matrix T = (Tij) with entries = QiTQj in M2(C) whose diagonal entries 
belong to sZ(2, C) and = if i > n, or j > n. 

For fc < to < n, the subspace C n m — {T — (Ty) G £„ : T y = if (i, j) ^ (fc, to)} 
of £„ is isomorphic to M 2 (C) if fc ^ to, the Lie algebra C n k to sZ(2,C) and £ n 
is the direct sum of all C km . As [sZ(2, C), sZ(2, C)] = sZ(2,C) and sZ(2,C)M 2 (C) = 
M 2 (C), we have that [C kk ,C kk ] = C kk and [£jf ,C km ] = £ k ™ = &™ '■ Thus 
[£„, C n ] = C n , so that £ is D-radical. 

Setting I n = {T G £ : T|/f 2n = 0}, we see that all /„ are closed ideals of finite 
codimension in £, I n+ i C I n and n^L^n = {0}, so that £ is strongly .F-semisimple. 

A closed Lie ideal I of £ G £ is called strongly J- -absorbing (strongly Frattini- 
absorbing) if £// is strongly F-semisimple. Denote by AbsJ- (£) the set of all 
strongly F-absorbing ideals of £. Then Abs^r (£) C Absjp (£) , for each £ G £. Set 

(8.1) F s (£) = p (Abs> (£)) = n, 7eAbsM£) J. 
Then 

(8.2) F (£) C F s (£) , so that F < F s . 

Clearly F s (£) = {0} if and only if £ is strongly .F-semisimple. 
The following statement is similar to Lemma 18.71 

Lemma 8.19. Let £ be a Banach Lie algebra. 

(i) A closed Lie ideal L of £ is strongly J 7 -absorbing if and only if there is a 
complete, lower finite- gap chain of closed Lie ideals between I and £. 

(ii) Let L, J be closed Lie ideal of C, J C I and dim(//J) < oo. If L is strongly 
J- -absorbing then J is strongly J 7 -absorbing. 

(iii) Each complete, lower finite-gap chain C of closed Lie ideals of £ with 
S (C) = £ consists of strongly J- -absorbing ideals of £. 

(iv) The set Abs^r (£) is p-complete, lower finite- gap family, s(Abs^r(£)) = £ 
and JF S (£) is the smallest strongly T -absorbing Lie ideal of L. 

(v) Let M. be a closed Lie subalgebra of £. If I £ Abs^r (£) then I f~l M. G 
Abs s jr{M). 

(vi) If £ is a commutative Banach Lie algebra then F s (£) = {0}. 

Proof. Parts (i)-(iii), (v) can be proved in the same way as parts (i)-(iii), (v) in 
Lemma 18.71 

(iv) As £ G Abs5r(£), we have s(Abs^(£)) = £. Let G = {/a}aga be a 
subfamily in AbsJ- (£). By (i), for each I\, there is a complete, lower finite-gap chain 
C\ of closed Lie ideals of £ between I\ and £. By Proposition [6TSj X G := (UaCa) p 
is a lower finite-gap family of closed Lie ideals of £. By Lemma 16.51 X G has a 
complete, lower finite-gap chain C of subspaces (i.e., closed Lie ideals of £) between 
p (X G ) and £. By (i), p (X G ) G Abs> (£) . Also 

P (x G ) = p ((u A c A ) p ) = n A p (C A ) - n A /A =p(G). 

Thus p (G) £ Abs> (£). Therefore AbsJ- (£) is p-complete. 

Take G = Abs^r (£) and let / G AbsJ-(£). By the above argument, X G is a 
lower finite-gap family and Abs^r (£) C X G . Then there is J G X G such that J 5 I 
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and dim (//J) < oo. By (ii), J £ Abs3r(£). Hence AbsJ- (£) is a lower finite-gap 
family. 

(vi) If £ is commutative then, by (ii), each subspace of £ of finite codimension 
is a strongly ^-absorbing Lie ideal of £. Hence, by (|8.II) . T a (£) = {0}. □ 

We will construct now some new examples of strongly .F-semisimple Lie algebras 
as the normed direct products and the co-direct products of strongly .F-semisimple 
Lie algebras. Let {£a}agA be a family of Banach Lie algebras with a bounded 
set of multiplication constants, let £ = ©a£a and £ = ©a£a (see (|3.1ip ). For 
a = (aa) AeA £ £, let Vv( a ) = a A" so V-V is a homomorphism from £ to £ M . 

Proposition 8.20. (i) If all C\ are strongly T -semisimple then £ and £ are 
strongly T- semisimple. 

(ii) If all C\ are finite- dimensional and semisimple then 

a) £ has a maximal lower finite-gap chain of characteristic Lie ideals 
from {0} to £; 

b) £ also has such a chain and is T> -radical. 

Proof. For each ju e A, set A/^ = ^^(O). Then C/J\f is strongly J r -semisimple, as 
it is isomorphic to £ M . Hence Af^ is a strongly ^-absorbing Lie ideal. Therefore, 
by (HZED, -F s (£) C n^ eA A^ = {0}. Part (i) is proved. 

If each £a is semisimple finite-dimensional, then £ has no non-zero commutative 
Lie ideals. Hence the set A C £ = Ac = {{0}} is a lower finite-gap family. By 
Corollary |8.15l £ has the required chain. The existence of this type of chains in £ 
can be proved similarly. As T>(£\) = C\, for each A, we have from Proposition l3.13l 
that £>(£) = ©a£>(£a) = £• □ 

Let G be the set of all closed Lie ideals of £. It is p-complete. Comparing (|6.ip . 
Theorem 16 . 1 1 1 and Lemma [5T71 we have that Gf = AbsJ-(£) and Aq = -7 r s (£)- This 
and Lemma 16.51 yield 

Corollary 8.21. (i) ^" s (£) = p(C) for each maximal, lower finite-gap chain C of 
closed Lie ideals of £ with s(C) = £. 

(ii) Each ^-complete, lower finite-gap chain C of closed Lie ideals of £ with 
5(C) = £ extends to a maximal, lower finite-gap chain of closed Lie ideals 
ofC. 

Note that J r s (£) may have closed Lie ideals of finite codimension, but they are 
not Lie ideals of £. Thus all lower finite-gap chains of closed Lie ideals end at ^ r s (£) 
and can not be extended further. 

Corollary 8.22. Each closed Lie subalgebra M of a strongly J- '-semisimple algebra 
£ is strongly J- -semisimple. 

Proof. Since {0} G Abs^ (£) , it follows from LemmalOIlV) that {0} £ Abs> (M) . 
Thus A 7 ! is a strongly ^-semisimple. □ 

Theorem 8.23. J- s is an over radical in L (see Definition 13. 4p . 

Proof. Let /: £ — > A4 be a morphism in L. By Lemma f8.19f i) and (iv), there 
exists a complete, lower finite-gap chain C of strongly ^-absorbing ideals of A4 
between F s (A4) and A4. Then C := (/): I € C} is a complete, lower finite- 
gap chain of closed Lie ideals between f~ 1 (J 7 s [M)) and £. By Lemma l8.19f iii). 
C consists of strongly ^-absorbing ideals of £. So T s (£) C f~ x (T s (A4)), as 
T s (£) is the smallest strongly J 7 - absorbing ideal of £ by Lemma f8.19f iv). Hence 
/ (T s (£)) C T s (A4). This means that T s is a preradical. 
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Let J <\ C. By Lemma f8.19f v). I H J is a strongly ^-absorbing ideal of J, for 
each I e Abs> (£) . Thus {/n J: I G Abs> (£)} C AbsJ- (J). Hence J" s is balanced, 
as 

T a (J) = p(Abs> (J)) C p(Jn Abs> (£)) 

= J n p(Abs> (£)) = jnJ s (£)c j; (£) . 

By Lemma lOfl iv). J" s (£) G AbsJ- (£) . Therefore C/F S (C) is strongly J"- 
semisimple. Thus {0} G AbsJ-((£/.F a (£)) , so that F s {C/T s (£)) = {0}. Hence J" s 
is an over radical. □ 

Consider a Banach space A as a commutative Lie algebra. Let L be a Banach 
Lie algebra and if be a bounded Lie homomorphism from L into B(X) — 2)(A). 
Let £ = L ® v X (see (|31?])) be the semidirect product. Set M = <^(L). The set 
Lat M of all closed sub-spaces of X invariant for all operators in M is p-complete. 
It follows from Corollary 16.121 that there is a subspace Am G Lat M such that 
p(C) = Am for each maximal, lower finite-gap chain C of invariant subspaces of 
M with s(C) — X; and Am has no invariant subspaces of finite codimension. 

Proposition 8.24. (i) If L is strongly F-semisimple then T s (£) = {0} © ld Am- 
(ii) If Am 7^ {0} (e.g. M has no non-trivial invariant subspaces in A), then 

Proof, (i) By (|3.9p . any Lie ideal of £ contained in {0} (B v X has form Jz = 
{0} @ v Z, where ZCIis invariant for M, i.e., Z G Lat M. By Proposition l5Tfl i). 
F s (£) C J" s (£) © v A = {0} © v A. Hence, since JF a (£) is a Lie ideal of £, we have 
T a (£) = Jy = {0} © v Y where F G Lat M. 

As J- S (L) — {0}, it follows from Corollary 18.211 that there is a maximal, lower 
finite-gap chain Cm = {I\} of closed Lie ideals of L between L and {0}. Then 
Cm = {I\ ® v A} is a maximal, lower finite-gap chain of closed Lie ideals of £ 
between £ and {0} ©^ A. 

Let Ca = {i^i} be a maximal, lower finite-gap chain of invariant subspaces of 
M with s(C A ) = A. By Corollary EM P(C A ) = Am- Hence C A = {{0} ©^ L M } 
is a maximal, lower finite-gap chain of Lie ideals of £ in {0} ©^ A and P(Ca) = 
{0} ® v Am- Therefore C — Cm U Ca is a maximal, lower finite-gap chain of Lie 
ideals of £, p(C) = {0} @ v A M and s(C) = £. By Corollary EM F S {C) = p(C) = 
{0}©^ A M = {0}ffl id A M . 

(ii) T, (T a (£)) = T, ({0} ffi id Am) = {0} ^ T s (£) by (i) and Lemma EM^)- 
By Example rmT iiiL J" (£) = {0}. □ 

It follows from Proposition EM that J" s (T s (L ® v A)) =J(Lffi» I A) and F s is 
not a radical. As the following theorem shows, T s (T s (£)) = J- '(£) holds for all 
£ G £. 

Theorem 8.25. For each algebra £ G £, i/ie quotient Lie algebra J- s (£) /J-"(£) is 
commutative, 

F s {C/T{C)) = F s (£) AF(£) = s (Ess, (A £/ ^ (£) )) and 
(8.3) J- S (J- S (£))=^(£). 

Proof. Firstly assume that £ is .F-semisimple. Then J-(C) = {0} and we have to 
show that 



T s (£) is commutative, T s (£) = s (Ess, (Ac)) an d 
(8.4) 7- s (J- s (£)) = {0}. 
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Let I G Ess; (Ac)- Then £ has no Lie ideals contained in I that have finite, non- 
zero codimension in I. By Lemma [8.19f ivL Abs^r (£) is a lower finite-gap family 
of Lie ideals of £. Hence, by Corollary EH I H Abs> (£) :={lnJ: J G Abs> (£)} 
is also a lower finite-gap family of Lie ideals of £ and / belongs to it, as £ £ 
AbsJ- (£). Thus i n AbsJ- (£) = {/}, so that I lies in each J in AbsJ- (£) . Hence 
I C p (AbsJ- (£)) = T a (£). As J is arbitrary, s (Ess; (Ac)) C J" s (£). Set X = 
s(Ess z (4c)). 

Let a Lie ideal i contain K. If I contains a Lie ideal J of non-zero, finite codi- 
mension in i, then K C J. Indeed, if i e Ess; (Ac) then L C J; otherwise, by 
Lemma |6.1[ LC\ J has non-zero, finite codimension in i which contradicts the fact 
that L G Ess; (Ac)- Hence K C J. 

Assume that if ^ i. If i G Ac then 7 contains a Lie ideal J € Ac of non-zero, 
finite codimension in I. By the above, K C J. Let J be non-commutative, i.e., 
7 6 Lid(£)\Ac- By Proposition 18.11( 1). Lid(£)\Ac is a lower finite-gap family 
modulo Ac- Hence I contains a Lie ideal J that has non-zero, finite codimension 
in I. By the above, K C J. 

Thus the set {I: I <\ C and if C 7} is a p-complete, lower finite-gap family. By 
Lemma l6.5l there is a complete, lower finite-gap chain of closed Lie ideals between K 
and £. Hence K is strongly ^-absorbing by Lemma r8.19f i). Therefore T a (£) C K. 
Thus we have finally that T s (£) = K = s (Ess; (Ac))- 

By Lemma l8.19f iv). T s (£) is the smallest strongly ^-absorbing ideal of £. 
Hence, by Lemma r8.19f ii). 

T a (£) contains no closed Lie ideals of £ 

(8.5) of non-zero finite codimension. 

Let dim7 r s (£) < oo. As {0} is a Lie ideal of finite codimension in T s (£), we 
have from ([53]) that T s (£) = {0} and (EI) holds. 

Let dim7 r s (£) = oo. If T s (£) is not commutative, it has a closed Lie subalgebra 
of non-zero, finite codimension by Theorem l8.6f v). Hence, by Corollary |2.6l T a (£) 
contains a closed Lie ideal of £ of non-zero, finite codimension. This contradicts 
(|8.5[) and shows that T a (£) is commutative. By Lemma r8.19f vi). T a (T a (£)) = {0} 
and (|8.4[) is proved. 

Suppose now that £ is not .F-semisimple. Let q: £ ^ M : = C/T(C). If 
I e Abs^r (M) then is strongly J r -semisimple. As M/I « £/q _1 (i), we have 

^COeAbsS.OC). 

Conversely, let J G AbsJ- (£) . As Abs^r (£) C Absjr (£) and (see Lemma lSTTT iv')') 
T(C) = p(Abs^(£)), we have T (C) C J. As M/q(J) « C/J, we have g(J) G 
AbsJ- (At) . Thus, by (18~T1) . 



.F s (x) = n i = n g(J) 

/SAbsJ^AI) JeAbs3,(£) 

= <Z(J- S (£)) = T a (C)/T(C). 

The Lie algebra is .F-semisimple, as J 7 is a radical. Hence it follows from 
that the Lie ideal T S (M) = T s (£) /T (C) is commutative, (|8.3p holds and 

(8.6) j;(J- s (£) //•(£)) = J", (j; (M)) = {0}. 

Set i = T(C) and X = T s (£) . Then formula (|S2J turns into T S (L/I) = {0}. 
By d8T2j), J" < JF 8 , so that i < L. As J" is a radical, I = T(C) = T(T(C)) = T(I). 
Hence, by Proposition ETTTv) , T(C) = I = T S (L) = T a (T s (C)). The proof is 
complete. □ 

Let £ be an .F-semisimplc Banach algebra and T a (£) ^ {0}. By Theorem 18.251 
T a (£) is commutative. Let L = C/T s (£) and q: C — > L be the quotient map. 
As T s is an over radical, T a (L) — {0}. Thus each .F-semisimple Banach algebra £ 
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is an extension of a commutative Banach Lie algebra fF s (£) by an J^-semisimple 
algebra. 

Associate with £ the semidirect product Af — L ® v T s (£) (see d3J])) in the 
following way. As T a (£) is commutative, the map ip from L into the Lie al- 
gebra S(.F S (£)) = P(.F S (£)) of all bounded derivations on fF s (£) defined by 
ip(q(a)) — 5 a \jr s (£}, where S a (x) = [a,x] for x 6 J- S (C), is a correctly defined 
Lie homomorphism. Hence Af is well defined. If £ has a closed Lie subalgebra 
topologically isomorphic to L, then £ is topologically isomorphic to Af. 

By Proposition ^. 1 If ii) 3), Af is Frattini-semisimple. Moreover, we have T s (Af) = 
{0} ® v F s (£) . Indeed, let M = ip (L) . The lattice Lat M of subspaces in F s (£) 
invariant for M coincides with the lattice of Lie ideals of £ in fF s (£) . By Corollary 
18.211 fF s (£) contains no Lie ideals of £ of non-zero, finite codimension. Hence Lat 
M has no subspaces of finite codimension. Thus (see Proposition ^ . 24j) the subspace 
A M = T, (£) and T, (Af) = {0} T, (£) . 

9. The structure of Frattini-free Banach Lie algebras 

In this section we study a special subclass of Frattini-semisimple Lie algebras that 
consists of Frattini-free Lie algebras. A Banach Lie algebra £ is called Frattini-free 
if it has sufficiently many maximal closed Lie subalgebras of finite codimension, 
that is, 

P 6 -~ (£) = r\ Le&r ^L = {0}, or £ e Sem(P 6 -« )• 
We will use the term Jacobson-free for Banach Lie algebras in Sem(P;jinax). 

Marshall in [Mj p. 417] proved that all simple finite-dimensional Lie algebras 
are Frattini-free. In Theorem 19.91 we give a full description of Frattini-free Lie 
algebras: they are isomorphic to subdirect products of the normed direct products 
of finite-dimensional subsimple Lie algebras. 

9.1. Subsimple algebras and submaximal ideals. Frattini-free algebras need 
not have sufficiently many maximal Lie ideals (see Example I7.20f iii) ) . Instead they 
have sufficiently many submaximal ideals (sec Theorem 19.91 below). 

Definition 9.1. (i) We call a finite- dimensional Lie algebra £ subsimple if either 
dim£ =1 or it has a proper maximal Lie subalgebra that contains no non-zero Lie 
ideals of C. 

(ii) We call a closed Lie ideal J of C £ £ submaximal, if £/ J is a subsimple Lie 
algebra. 

Lemma 9.2. Each subsimple Lie algebra £ is Frattini-free. Its center Z = {0} if 
dim£ > 2. 

Proof. Let dim £ > 2 and let a maximal Lie subalgebra M of £ contain no non-zero 
Lie ideals of £. As Pe max (£) = r\Le& niiix L is a Lie ideal of £ contained in M, we 
have Pgmax (£) = {0}. 

If Z ^ {0} then MnZ = {0}, as MnZ is a Lie ideal of £. Hence Z + M = £ and 
dim (Z) = 1 by maximality of M. Thus M itself is a Lie ideal of £ - a contradiction. 
Hence Z = {0}. □ 

It follows from the definition that simple Lie algebras are subsimple. To clarify 
the structure of subsimple Lie algebras, consider the following classes of finite- 
dimensional Lie algebras: 

(I) Class (I) consists of Lie algebras £ = N © N, where N is a simple Lie 
algebra. 

(II) Class (II) consists of Lie algebras £ = N © ld X, where N is a Lie alge- 
bra of operators on a finite- dimensional space X which has no non-trivial 
invariant subspaces. 
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Lemma 9.3. All Lie algebras in classes (I) and (II) are subsimple. 

Proof. Let C = N © N. Clearly, N © {0} and {0} © N are the only non-trivial Lie 
ideals of C. Hence the Lie subalgebra M — {a © a: a G N} does not contain non- 
zero Lie ideals. To see that it is maximal note that, for each b — ai © a-i £ M, the 
subalgebra M' generated by {b}liM contains all elements of the form 0© [a, a 2 — ai] 
where a G N. Since N is simple, M' contains {0} © TV, whence M' — C. Thus £ is 
subsimple. 

Let now C = N © id X. The Lie ideal {0} © id X is contained in every Lie ideal 
of C, so that the Lie subalgebra M — N ffi ld {0} contains no non-zero Lie ideals 
of C. If M' is a Lie subalgebra that contains M then the subspace Y = {x G X: 
© x G M'} is invariant for N. Hence either Y = {0} and M 1 = M, or Y = X and 
M' = C. Thus M is maximal, whence C is subsimple. □ 

Now we will show that our list of subsimple Lie algebras is exhausting. 

Theorem 9.4. Let dim£ > 2. Then C is subsimple if and only if it is either 
simple, or isomorphic to a Lie algebra from classes (I) or (II). More precisely, if 
£. is semisimple and not simple, it is isomorphic to a Lie algebra in the class (I); if 
C is neither simple, nor semisimple, it is isomorphic to a Lie algebra in the class 
(II). 

Proof. We saw above that simple Lie algebras and Lie algebras from the classes (I) 
and (II) are subsimple. 

Conversely, let C be subsimple and let M be a maximal Lie subalgebra that does 
not contain non-zero Lie ideals of C Assume firstly that £ is not semisimple. Then 
C has a proper non-zero minimal commutative Lie ideal X . Since M is maximal, 
M + X = C. Let L = {a G C: [a, X] = 0}. Then 7 is a Lie ideal of C. We also have 
that M n L is a Lie ideal of C, since 

[M ni,C} = [M n i, m + x] = [M n /, m] c m n /. 

Therefore M n L = {0}; in particular, M n X = {0}, so that the sum L = M + X is 
direct. Moreover, the equality M D I = {0} shows that the map a i — > ad (a) \x is 
injective on M. Set A = ad (M) |x- Then £ is isomorphic to TV ffi ld X and belongs 
to class (II). 

Assume that C is semisimple, but not simple. Then C — L\ © • • • © L n is the 
direct sum of simple Lie algebras Li and n > 2. As each Lj is a Lie ideal of £, we 
have £ = M + Li. Let P, be the natural projection x\ © ■ • • © x n i — > from £ 
onto Lj, where xj G Lj. Then P,- (M) = i^. Let iiTj = M fl Lj. Then ifj is a Lie 
ideal of M, whence [^-, Lj] = [Kj,Pj (M)] = [iV^, M] C iV^. Thus ^ is a Lie ideal 
of Lj. Hence ifj is a Lie ideal of M + Lj = C. As M contains no non-zero Lie ideals 
of C, we have Kj = {0} for all j. 

Fix i and j for j ^ i. Then C M + Li. Hence, for each x G Lj, there is y G Li 
such that x + y <E M. Combining this with the fact that M Pi Lj = {0} for all j, we 
have that there is an injective Lie homomorphism ifij from Lj into Li such that 
{x © tfij(x): x G Lj} C M (as each ipij(x) G Li, we have that all such x © <fiij(x) 
lie in Lj © Li). Exchanging i and j, we have that (fij is a Lie isomorphism. Thus 
all Lj are isomorphic. 

If n > 3, set -0 = <P2i and uj = Then x^ := x © - 0( a; ) £ M and x w := 
x © uj(x) G M for every x € L\. Therefore = i/j(x) © (-cj(x)) G M for all 

x G L\. Hence [x^, -x w ,y^ - j/J = V([x,y]) ffiw([x,y])) G M for all x,y G Li. On 
the other hand, [x, y]^ - [x, y] u = i[)([x, y])(B (—u([x, y])) G M. Thus oo([x, y})) G M 
for all x,y G L\. Therefore MnL 3 ^ {0}. This contradiction shows that n < 2 and 
£ is isomorphic to an algebra from class (I) . □ 
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Corollary 9.5. If a subsimple Lie algebra C is solvable then dim(£) < 2. // it is 
nilpotent, dim£ < 1. 

Proof. Let dim(£) > 1. As £ is solvable, we have from Theorem 19.41 that £ = 
N ® ld X and the operator Lie algebra N has no non-trivial invariant subspaces 
in X. Since £ is solvable, N is also solvable and, by the Lie Theorem, N always 
has a one-dimensional invariant subspace. Thus dim A = 1. As N C B(X), we 
have dim A = 1, so that dim£ = 2. If £ is nilpotent then, as dim£ = 2, it is 
commutative which contradicts Lemma 19.21 □ 

Let £ £ £ and M. £ &^ ax . If M. is a Lie ideal, C/M has no proper Lie subalge- 
bras. Hence 

(9.1) dim(£/.M) = l. 

Denote by 3™ the set of all submaximal Lie ideals of £. Then 3™ ax C J™ 1 C 
The following result strengthens Theorem 12.51 — the central result of [KST2 . 

Proposition 9.6. (i) Every maximal closed subalgebra of finite codimension in a 
Banach Lie algebra C contains a submaximal Lie ideal of C. 

(ii) Conversely, for each submaximal Lie ideal J of £, there is M £ ©™ ax such 
that J is a maximal element in the set of all closed Lie ideals of C contained 
in M. 

Proof, (i) If dim(£) < oo then each maximal Lie ideal of C contained in every 
maximal subalgebra of L is submaximal. 

Let dim(£) = oo and M £ 6£ ax . If M is a Lie ideal then, by ([9TT]) , dim(£/A4) = 
1. Thus M. is a submaximal Lie ideal. If M. is not a Lie ideal of C, it follows from 
Theorem l2.5f i) that M. contains a closed Lie ideal of C of finite codimension. Hence 
A4 contains a largest closed Lie ideal J of £ of finite codimension. Then C/J is 
finite-dimensional and M/J is a maximal Lie subalgebra of C/J that contains no 
non-zero Lie ideals of C/J. Thus C/J is subsimple, so that J is submaximal. 

(ii) Let J £ J™ 1 . If J ^ 6™ ax then, by JO), dim£/J ^ 1 and there is a maximal 
proper Lie subalgebra M of C/J that contains no non-zero Lie ideals of C/J. Then 
the preimage A4 of M in C belongs to ©£ ax and J is a maximal Lie ideal of C 
contained in M. □ 

We will show now that the Lie ideal-multifunctions Z sm and @ max generate equal 
preradicals. 

Proposition 9.7. Fe m " (C) — P^m (C) for all Banach Lie algebras C, so that 
p e— = Pyf 

Proof. By Proposition EMj), T^&c^ for a11 C e £ - Hence, by P 3 e» (£) C 

Pe— (£)• 

On the other hand, let J £ By Proposition I9-6IT ii') . there exists M £ 6™ ax 
such that J is maximal among closed Lie ideals of £ contained in M.. As J has 
finite codimension in £, we have from Lemma 16.11 that J + Pgmax (£) is closed. 
Since Pgmax (£) C M, J + Pe™ (£) is a closed Lie ideal of £ contained in M.. As 
J is a maximal such Lie ideal in Ai, Pg-™ (£) C J. Thus P©ma X (£) C J for all 

j £ ar- Hcnce (£) c p 3 sm (£). □ 

As a consequence of the above proposition, Sem(?6» lalt ) coincides with the class 
of all algebras with sufficiently many submaximal ideals: the intersection of sub- 
maximal ideals equals zero. 
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9.2. Subdirect products. To describe Frattini-free Lie algebras in a more con- 
structive way we need the following definition. Let {£a}asA be a family of Ba- 
nach Lie algebras with multiplication constants t\ satisfying suplt^} < oo. Let 
£a = ©a£a be their normed direct product (see Subsection 3.2). For each fi 6 A, 
denote by ?/v the homomorphism from £a onto £ M : 

(9.2) MM) = <V 

Definition 9.8. A Lie subalgebra M. of C\ = ©a£a * s ca ^ e d a subdirect product 
of the algebras {£a}agA if 4>h(M) — f or eac ^ ^ G A. 

Theorem 9.9. A Banach Lie algebra C belongs to Sem(pgmax) if and only if 
there is a bounded isomorphism 9 from C onto a subdirect product of some family 
of subsimple Lie algebras. 

The algebra C belongs to Sem(p3max) [respectively, to Sem(P^)) if and only if 
there is a bounded isomorphism from C onto a subdirect product of some family of 
simple or one- dimensional [respectively, finite- dimensional) Lie algebras. 

Proof. We will only consider the first case when C G Sem(P©max); the two remain- 
ing cases can be proved similarly. 

Let 9 and £\ exist. For each A € A, ip\ o 9 is a bounded homomorphism 
from C onto C\. Then J\ := kcr(ip\ o 9) is a closed Lie ideal of C and C/J\ is 
isomorphic to C\, so that J\ is submaximal. Also Haga^a = {0}. By Lemma 
EC2 P&™-{C/J\) = {0}. Therefore, by Lemma I^BTiiV P 6 ^(C) C n XeA J x = {0}. 
Thus C G Sem(Pe-)- 

Conversely, let C G Sem(Fe«»)- By Proposition 19.71 

n J63 «J = p 3 .» (£) = jw (C) = {o}. 

Choose any subset A of 3™ such that P\j e \J — {0}. For each J £ A, the quotient 
Lie algebra C/J is subsimple. Let qj: C — > C/J be the quotient map. Then, for 
a, b G C, 

\\[<H(a),qj(b)}\\ c/J = \\qj{[a,b])\\c/J= g II M + 4c 

< inf \\[a + z,b + u}\\ 

z,u£,J 

< t inf ||a + z|L ||6 + u|L 

z.u£j 

= t\\qj(a)\\ c/J \\qj (b)\\ £/J . 

Hence ij < t for all J G A. Thus sup{*j: J G A} < oo. Let C\ := ffi A (£/J) be 
the normed direct product. For each a G C, we have {<Zj(a)}jeA G Ca and the map 
0: a — > {(7j(a)}j S A is bounded homomorphism. If 9[a) = then qj[a) — for all 
J G A, so that a G n,/ e A^ = {0}. Thus 9 is an isomorphism. As ipj(6(a)) — qj[a), 
we have tpj(9(C)) — qj[C) = Cj. Hence the Lie algebra 9 (£) is a subdirect product 
of the algebras {C\} ag a- □ 

As an illustration, consider the Lie algebra C = CU © ld I 2 , where U is the 
unilateral shift: Ue n = e n +i and (e n )^L 1 is a basis in I 2 . Then {0} © ld I 2 is a 
maximal Lie subalgebra of C. Let DcCbe the open unit disk. For each A G D, the 
vector e\ = (1, A, A 2 , ...) belongs to ^ 2 and the subspace Pa = Ce\ is invariant for the 
adjoint operator U*: U*e\ = Xe\. Hence Ej^ is invariant for U and has codimension 
1 in I 2 . Thus (see p.lOjl ) L\ = CU © id Pf is a maximal Lie subalgebra of C of 
codimension 1. The Lie algebra C is Frattini-free, since 

P 6 -~(jC) C ({0} © id ; 2 ) n (n AeD LA) = {0}. 

To map C onto a subdirect product of subsimple Lie algebras, consider two- 
dimensional Lie algebras C\ = CU\ © ld Pa, A G D, where U\ = \1e x - All C\ are 
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subsimple algebras of class (II). Set M — ©agb£a- Denote by P\ the orthogonal 
projections in I 2 onto subspaces E\. The map 9: C — > M defined by the rule 

0(aU ffi id x) = ®xeB(aU x © id P x x) £ M 

is a homomorphism, because P\U = \P\ for each A £ D, since U*P\ = XP\. 
Furthermore 6 is injective. Indeed, if 9(aU © ld x) = then a = and P\x = for 
all A 6 D. Hence (x, e\) = £„(x, e «) A ™ = °> for a11 A e D - Thus a11 fa, e «) = °> so 
that x = 0. Finally, the projection of the image 9(C) on each component C\ clearly 
coincides with C\. Therefore 9(C) is a subdirect product of the Lie algebras C\. 

Theorem l9.9l gives a fairly transparent description of the class of finite-dimensional 
Frattini-free algebras as direct sums of simple "model" examples; we will return to 
this subject in the next subsection. Note that in general the subdirect sums can be 
indecomposable even in the commutative case (take any Banach space of bounded 
analytic functions). 

We shall now consider the structure of some special types of Lie algebras from 
Sem(P 6 »«). 

Theorem 9.10. (i) If a Lie algebra C £ Sem(Pgmax) is solvable then C[ 2 ] = {0}. 

(ii) Let C £ SemfPg™)- Then C is nilpotent if and only if C is commutative. 

(iii) Any solvable Lie algebra in Sem(P^max) is commutative. 

Proof. Let C £ Sem(P©max). By Proposition I9.6f ii). for each J £ either 
J £ 6£ ax in which case dim(£/J) = 1 by (|9TT]) , or there is M J £ 6£ ax such that 
Ai J ' I J is a maximal Lie subalgebra of C/J and it contains no non-zero Lie ideals 
of C/J. 

(i) If C is solvable, C/J are solvable for all J £ -J™. By Corollary 19.51 we have 
dim (C/J) < 2, so that (C/J) [2] = {0}. Hence C [2] C J for all J £ Jg 11 . Therefore, 
by Proposition C [2] C n Je3 « J = P 3 ™ (C) = P e ^ (C) = {0}. 

(ii) If C is nilpotent then C/J is nilpotent for each J £ CJ™. By Corollary 19.51 
dim(£/J) = 1. Hence £W C J for all J G 3^J n . Thus, by Proposition EZ1 

C (~l J = P 1sm (£) = P ema x (C) = {0}. 

(iii) If C £ Sem(P 1 max) is solvable then, by Corollary O^ii), {0} = Pjma, (C) = 
C W . □ 

The condition £r 2 i = {0} is not sufficient for a Banach Lie algebra C to belong 
to Sem(Pemax). Indeed, if C is the Heisenberg 3-dimensional Lie algebra, as in 
Example EMii), then C [2] = {0} and C <£ Sem(P 6 »»). 

The following corollary shows that for Frattini-free algebras there is a natural 
analogue of the classical solvable radical. 

Corollary 9.11. Each C £ Sem(pgmax) has the largest solvable (commutative) 
Lie ideal — the closed solvable (commutative) Lie ideal that contains all solvable 
(commutative) Lie ideals of C. 

Proof. Let C £ Sem(P©max). The set £ of all closed solvable Lie ideals of C is 
partially ordered by inclusion. If I is a closed ideal of C then I £ SemfPe-™) by 
Lemma [3.6f iii). Therefore Im = {0} for each I £ £, by Theorem l9.10lT j. Hence 
if {PJagA is a linearly ordered subset of £, then the ideal I = Uaga/a satisfies 
7[ 2 ] = {0}- Therefore its closure I also satisfies 7[ 2 ] = {0}, so that I £ £. By Zorn's 
Lemma, £ has a maximal element J. 

Let I £ £ . Then I + J is a Lie ideal of C, J C I + J and (I + J)^ C + J. 
Hence (I + J) [2 ] C (1^] + J) m C 7 [2] + J = J. Thus (7 + J) [4 j C J [2] = {0}, so that 
I + J £ £ and J C J + J. As J is maximal, I C J, so that J contains all solvable 
Lie ideals of £. 



TOPOLOGICAL RADICALS AND FRATTINI THEORY OF BANACH LIE ALGEBRAS 55 



As above, the set £ c of all closed commutative Lie ideals of C is partially ordered 
by inclusion and contains a maximal element K. Let I £ £ c - Then I+K is a Lie ideal 
of£, K C I+K and (seelO])! {I+K)W C JnK Hence (i+A)! 3 ] C [I+K,InK] = 

{0}. Hence I + K [3] = {0}, so that I + K is nilpotent. By Theorem Ellin), I + K 
is commutative. Thus I + K £ £ c and K C J + K. As if is maximal, / C if, so 
that A contains all commutative Lie ideals of £. □ 

9.3. Prattini- and Jacobson-free finite-dimensional Lie algebras. The gen- 
eral description of P^max-semisimple and Pgmax-semisimple Banach Lie algebras in 
terms of semidirect products of subsimple algebras (Theorem 19.91) enables one to 
obtain sufficiently simple " models" for such algebras in the finite-dimensional case. 

We say that a Lie algebra L of operators on a finite-dimensional linear space X is 
decomposable if X decomposes into the direct sum of minimal subspaces invariant 
for L: X = X\ + ... + X n where all Xk are invariant for L and the restriction 
of L to each Xk is irreducible. A representation of a Lie algebra will be called 
decomposable if its image is decomposable. 

Lemma 9.12. Let tt be a decomposable representation of a Lie algebra L on a 
finite- dimensional space X and let L = L X {see (|3.9p ). Then P@max(£) C 
(kerirnP 6 -™ (£)) {0}- 

Proof. We have X = Xi+...+X n where all Xj. are invariant for tt and all restrictions 
ir\x k are irreducible. Then all Mk — L + 17 (X — Xk) are maximal Lie subalgebras of 
£, so that the Lie ideal P e »«(£) C n k M k = L+*{Q}. Let (a,0) £ P e »»*(£)- If a <£ 
kern then ir(a)x ^ for some x £ X. Hence [(a, 0), (0, x)] — (0, n(a)x) £ Pe max (^) 
- a contradiction. Thus Pe max (£) Q ker7r © T {0}. Using Proposition I3.11( i). we 
conclude the proof. □ 

Corollary 9.13. A finite- dimensional Lie algebra C is Frattini-free if and only if 
it is isomorphic to the direct sum of Lie algebras of the following types: 

(i) one- dimensional algebras; 

(ii) simple Lie algebras; 

(iii) Lie algebras L © ld X, where L is a decomposable Lie algebra of operators 
on a linear space X. 

Proof. The subsimple Lie algebras in (i), (ii) are Frattini-free by Lemma T9. 2 1 The 
Lie algebras L — L+ ld X in (iii) are also Frattini-free: by Lemma f9. 121 Pg.™(£) = 
{0} as ker(id) = {0}. 

Conversely, let £ be a Frattini-free Lie algebra. If it decomposes in the direct 
sum of Lie ideals then, as the preradical Pgmax is balanced, each of them is Frattini- 
free. Hence we will assume that C does not decompose in the direct sum of Lie 
ideals. 

Theorem 19.91 implies that C can be identified with a subdirect product of some 
set A of subsimple algebras {£a}agA- For each A 6 A, let ip\ be the homomorphism 
from ®a£a onto C\ (see (19.21) ). We may assume that A is finite. Indeed, for each 
A £ A, N\ := kerV>A is a Lie ideal of £ and CIagaAa = {0}. As dim£ < oo, there 
is a finite subfamily Ai, A„ of A with 

(9.3) rt =1 A Ai = {0}. 

Choose the least possible n in (|9.3[) . It follows that C is isomorphic to a subdirect 
product of the direct product M. = ©" = iA, where Ci — C^. Set Ni = and 

ipi = ipXi ■ 

Using the description of subsimple algebras in Theorem 19.41 we may assume that 
each Ci is either one-dimensional or a simple Lie algebra or isomorphic to Li © ld Xj, 
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where Li is an irreducible Lie algebra of operators on a linear finite-dimensional 
space Xi. 

If n = 1, the theorem is proved. Let n > 1. Then n" =2 iVi is a Lie ideal of C. As 
C\ = ipi(£), we have that J\ = ^i(n™ =2 ^) i s a Lie ideal of £\. If J\ = {0} then 
n" =2 -^i £ ^i = ker-0i, so that Hf =2 Ni = {0} which contradicts the fact that n is 
the least in (|9~3j) . 

If Ji = Ci then, for each x € £, there is G P\f =2 Ni such that ipi(x) — ipi(y x ). 
Hence x = y x + (x — y x ) and x — y x G ker^i = iVi. As (ri-t =2 -^«) H TVi = {0} by 
(|9.3[) . we have that £ = (njL 2 JV,-) © iVi is the direct sum of its Lie ideals. This 
contradicts our assumption. Thus {0} ^ J\ ^ Ct, so that L\ — L\ © ld X\. As the 
Lie ideal {0} © ld X\ is contained in each Lie ideal of £\, it is contained in J\ and, 
hence, in C. 

The similar argument shows that simple and one-dimensional summands are 
absent in M and each £i = Li® ld Xi. Moreover, £ contains the Lie ideal {0}ffi ld X, 
where X = J2k=i + x *- 

Set M = ffi™ =1 Li. Clearly, M can be considered as a Lie algebra of operators on 
X, preserving each Xi and irreducible on it, and M — M ffi ld X. As C C A4 and 
contains {0}ffi ld A, there is a Lie subalgebra L of M such that C = L(B ld X. As £ is a 
subdirect product, ipi(£) = d = Li® id Xi for each i. As ^({0}ffi id A) = {0}ffi id X,, 
we have tp^L ffi id {0}) = L l ® id {0}. Thus L\ x% w L t is irreducible on X h so that L 
is decomposable. □ 

One can easily deduce from Corollarv l9 . 1 31 the characterization of finite-dimensional 
Frattini-free Lie algebras obtained by Stitzinger |Slj and Towers [Tj. For this we 
will use the following well known result (see for example [Chi Proposition 4.4.2.3]). 

Lemma 9.14. Let L be a decomposable Lie algebra of operators on a finite- dimensional 
space X — X\ + ... + X n , where all Xi are irreducible components. Let Zl be the 
center of L. Then 

(i) a\xi = Aj(a)lxt! for all a G Zl and i, where Xi are linear functionals on 

(ii) [L, L] is semisimple and L = [L, L] ® Z^. 

In fact, for a finite-dimensional Lie algebra L the conditions L = [L, L] © Zl 
and [L,L] is semisimple in (ii) are equivalent ( [Chi Proposition 4.4.2.1]); the Lie 
algebras satisfying these conditions are called reductive. 

Corollary 9.15. [Sll IT] A finite- dimensional Lie algebra C is Frattini-free if and 
only if it is the direct space sum C = C + S + J, where J is a commutative Lie ideal 
of C, C is a commutative Lie subalgebra of C whose adjoint representation on J is 
decomposable and S is a semisimple Lie subalgebra of C such that [C, S] = {0}. 

Proof. Let C be Frattini-free. Applying Corollary 19.131 it suffices to obtain the 
needed decomposition for each direct summand of C. For summands of type (i) and 
(ii) this is evident. For C = L © ld X, where L is decomposable, set J — {0} © ld X, 
S = [L, L] © id {0}, C = Z L ffi id {0} and apply Lemma ETT41 

Conversely, let £ = C + S + J and J, C, S have the properties listed above. 
Then the Lie algebra L = C © S is reductive and C = Zl- Let ir = ad|j be 
the adjoint representation of L on J. By our assumptions, the restriction of tt 
to Zl is decomposable. It follows that tt is decomposable (see |Ch[ Corollary 
4.4.1.2]). As L is the direct sum of a semisimple and commutative Lie ideals, we 
have P S max(L) = {0}. Hence, by Lemma l9~12l P e ^(£) = {0}. □ 

Recall that £ G £ is Jacobson-free if Pjma X (£) = {0}. Similar, but simpler 
arguments give us the description of Jacobson-free algebras (for a different proof 
see the end of the paper). 
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Corollary 9.16. A finite- dimensional Lie algebra £ is Jacobson-free if and only if 
£ is the direct sum of a semisimple and a commutative Lie algebras. 

9.4. Frattini and Jacobson indices of finite-dimensional Lie algebras. In 

this section we study the class £ of complex finite-dimensional Lie algebras. As 
{0} is a Lie ideal of finite codimension in each £ £ £ f , we have F{£) — {0} and 
£ f C Sem(P,). 

The Lie ideal Pg m ™ (£) is called the Frattini ideal and Pjmax (£) the Jacobson 
ideal of £ (in [M] it was called the Jacobson radical). By Theorem l7.8l pgmax (£) C 
Pjmax (£). The ordinal numbers rf> emajt (£) and r P _ max (£) (see (|46]l) belong to N 
and satisfy 

{0} = J-(£)=P^(£)=P|» ax (£), 

where a = rp mast (£) , /3 = r P mMl (£) . They are called, respectively, the Frattini 
(see [Ml Definitions 4]) and Jacobson indices of £ By Theorem 17. 81 Tp max (£) < 

r P . max (£) < oo. 

Denote by A/i; the nil-radical of £ — the maximal nilpotent ideal of £. Com- 
bining this with results of [M] p. 420 and 422] and [JJ Theorem II. 7. 13] yields 

(9.4) P 6 , n a X (£) C P;^* (£) = K c C A^ C rad (£) , 

where /C^ = [£, rad (£)] . 

For a solvable Lie algebra £, the solvability index i s (C) is the least n such that 
£[„] = 0. Marshall p. 421] established that r Pemax (£) < i s (Mc) + 1- Below we 
refine this result. 

Proposition 9.17. (i) //£ is nilpotent, rp cmax (£) = Tp max (£) = i s (£) . 
(ii) //£ is a finite- dimensional complex Lie algebra, then 

(9.5) i s (N c ) < r Pemax (£) < r Pjmax (£) = i„(K c ) + 1 < i.Wc) + L 
so ifarf 1 < r Pemax (£) < r P;jmax (£) < r Pemax (£) + 1. 

Proof, (i) If £ is nilpotent then (see [M] p. 420]) every maximal Lie subalgebra is a 
Lie ideal, so that P em « (£) = P 3 ma* (£). Hence, by flO), Pg^a* (£) = P 3 »ax (£) = 
= £[i]. Thus 

(9.6) P|,„ax (£) = P^ax (£) = £ [fc] for each k, 

so that r Pemax (£) = r P . max (£) = i s (£) . 

(ii) By f9T3|) . P e «ax (£) and Pjmax (£) are nilpotent for each £ G £ f . Hence, by 

P| m ax (£) = P|"L (Pe-x (£)) = P em ax (£) [fe _ x] , 
P^ax (£) = P 3 fe -i (P3-« (£)) = JV- (%-rj • 

Let P be P S max or P 3 max. By gl]), r° R (£) is the least n such that P" (£) = {0}. 
Thus 

fp sn „ (£) = UPe-x (£)) + 1 and 
(9-7) r° P3mx {£)=i a (P 3 »~(£)) + l. 

Hence, by (jOl) and ([977]). 

(9-8) r P _ max (£) - i s (P 3m ax (£)) + 1 = i,(K c ) + 1 < i.{Mc) + !• 

As Pgmax is balanced and Nc is nilpotent, we obtain 

(Mc) m = P&^Wc) C Pe-x (£) 
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from (|9.6p . Hence (M c )[k+i] Q Pe™** (^)[fe] > so tnat 

i s {Nc) < i 8 (P e ™* (£)) + 1. 
Combining this with (|9.7p and (|9.8I) and taking into account that rj, (£) < 
4 jmD (£), we have ([9T5]l . " □ 

It follows from Proposition ^. 17f ii) that £ f can be partitioned into three following 
classes: 



£ r 


= CiUC 2 


uc 3: 


where 










Ci 


= {£ e £ f 




_ {£) = 




_ GO 


= i a (/Cr) - 


hi = i s (A/" £ ) + l}; 


c 2 


= {£ e £ f 


• r° 


_ (£) = 






= « s (/c £ ) - 


hl = i s (A/" £ )}; 


c 3 


= {£ e £ f 




_ (£) + 


1 = 




(£) 






= is(ICc) H 


- 1 = 




!}• 









For each integer n > 1, set 

Z\ n>n) = {£ 6 £ f : r Pemax (£) = r Pjmax (£) = n}, 

£(»,«+!) = e £ f : r Pemax (£) = n and r Pjmax (£) = n + 1}. 

We have from Proposition I9.17f i) that C 2 contains all nilpotent Lie algebras and 
that £L n ) 7^ for all n > 1. We also obtain from Proposition 19. 171 that 

Ci U C 2 = U„>i£( nin) , C 3 = U„>i£(„ n+1) , 

Ci n £(i.i) ={£e £ f : £ is semisimple}, 

C 2 n £( ljX) = {£ e £ f : £ = 7V £ © rad (£) , N c is semisimple 

and rad(£) ^ {0} is commutative}. 

Let us show that £ l , , ,s ^ for all n > 1. Consider the solvable Lie algebra 
£ of all upper triangular n x n matrices. Then Kc = £m = Nc is the nilpotent 
Lie subalgebra of £ that consists of all matrices with zero on the diagonal. The Lie 
subalgebras Ckk = {a = (<%■) 6 £: a,kk = 0}, 1 < k < n, and £fc,fc+i = {a = (ay) 6 
£: afe^+i = 0}, 1 < fc < n — 1, have codimension 1 in £, so that they are maximal. 
Hence 

P e ,„ a x (£) c (n fc £fe fe ) n (n fe £ fc , fc+ i) = £ [2] . 



(£) ^ s (P eI n a x(£)) + 1 < ls (£ [2] ) + 1 and 



Therefore 



rp 3 _ ( £ ) - + 1 = f -(An) + !. 

so that r Pemax (£) + 1 < r P mM (£) . Thus, by Proposition [EH 

rp emax (£) + 1 = r P _ max (£) = i s {K c ) + 1 = is (£ W ) + 1 = n. 
Then £ 6 £^ n n+1 ). Combining this and Proposition 19. 171 yields 

Corollary 9.18. £ f = U„ (z\ n n) U £( n>n+1) ) , aH classes £{ v) and £(„ iTl+1) are 
non-empty. 

Proposition inUT] also gives us a proof of Corollary 19. 161 

Proof of Corollary |9~To1 Let £ G Sem(P ».x) n£ f . Then we have rf, jmtBt (£) = 1 
and, by ([93]) , i s (/C £ ) = 0. Hence K c = [£,rad(£)] = {0}, so that rad(£) is the 
center Zc of £. As £ = -/Vcffi ad rad(£) is the semidirect product of a semisimple Lie 
algebra Nc and rad(£), we have that £ = Nc © Zc- 
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